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1. Introduction

Wave equation

The second-order linear wave equation with a constant ¢ > 0 is
Otu = c* Au. (1.1)

It is used as a simple model in many physical applications, for example in the de-
scription of elastic materials, the propagation of sound waves or electromagnetic
waves.

The one-dimensional case is a model for the vibrations of a string. If u(x,t)
describes the displacement of the string from the rest position at time ¢ > 0 at a
reference point z € R, then Au(x,t) = d?u(z,t) is a measure of the curvature at
that point and thus a measure of the restoring force. Newton’s law therefore yields
the one-dimensional version for some ¢ > 0,

Otu = 2 0%u. (1.2)

In the whole-space problem, we seek u : R x [0,00) — R. In analogy to ordinary
second-order differential equations, we provide initial conditions for the values and
the first time derivatives,

u(.,0) =ug, pu(.,0) =wuy. (1.3)

Two solutions of the equation (1.2) can be given in elementary terms. For arbitrary
functions ¢, € C%(R,R), the functions

u(z,t) = p(x+ct) and wu(z,t) =1(x — ct) (1.4)
satisfy the wave equation. This can be verified by differentiating twice. By superpo-

sition of the elementary solutions, both initial conditions in (1.3) can be satisfied.

Helmholtz equation

A separation ansatz u(z,t) = v(z)w(t) is often useful for wave equations. We use
the ansatz corresponding to an oscillation with a fixed frequency w > 0 and set
w(t) = e ™t If u(z,t) = v(x)w(t) solves the wave equation d?u = ¢® Au, then v
solves the Helmholtz equation

—FAv=w?v inQ. (1.5)

Conversely, each solution v of the Helmholtz equation (1.5) yields a solution u(z,t) =
v(z)e ™" of the wave equation (initial values, however, are generally not satisfied).
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One can also derive the Helmholtz equation with a Fourier transform: Let u be a
solution of the wave equation and @ = @(z,w) the (in time) Fourier transform of w.
Then every time derivative of u translates into a multiplication of @ by the factor iw.
The function 4(-,w) : 2 — C is therefore a solution of the Helmholtz equation (1.5).
This can also be reversed: If we can solve the Helmholtz equation for (-, w) for each
w € R, we find a function @ = u(x,w) whose inverse Fourier transform is a solution
of the wave equation. However, initial values cannot be specified in this way.

If we consider a wave equation with sources F(z,t) = f(z)e ™ ie. 0Olu =
¢ Au+ F, we find a solution using the ansatz u(z,t) = v(x)e ™! if v satisfies the
Helmholtz equation with the right-hand side f,

—FAv—wv=f inQ. (1.6)

First examples. We first look for solutions of the form v(z) = €™** or v(z) =
sin(kx). In the whole space, this makes sense because the Fourier transform allows
us to represent an arbitrary function of the spatial variables x as a superposition of
such functions e**,

In fact, the functions v(x) = sin(kz) and v(z) = cos(kz) are solutions of the
Helmholtz equation (1.5) in one dimension and on the whole space, i.e. for = R.
With the wavenumber k we have to satisfy ¢?k? = w?, i.e. k = tw/c. It makes sense
to keep an eye on the physical units: The unit of w is Hertz, i.e. 1/s. The unit of
k is 1/m. In fact, the expressions kz and wt should always be free of units, because
we use them in the sine function, for example. For ¢, the unit is m/s, i.e. the unit
for speeds.

Two other solutions to the same equation in the same situation are v(z) = e
and v(z) = e~**. The complex solutions can be constructed from the real solutions
by superposition and vice versa.

If we want to interpret a solution physically, we always have to construct a real
function. Here, interesting solutions of the wave equation result from the above
examples. If we want to use v(x) = sin(kx) to construct a solution of the wave
equation, we consider u(x,t) = v(z)e ™! If we want to extract a physically relevant
function from this, we can, for example, consider the real part, i.e.

ikx

U(x,t) := Reu(r,t) = Rev(z)e ™" = sin(kx) cos(wt) .

This describes a standing wave; the “antinodes” are always at the points 7/(2k) +
Zm/k. The frequency of the oscillation is w. The spatial structure is determined by
k; recall the relation c?k? = w?.

If we perform the same process with the solution v(z) = €™ of the Helmholtz
equation, we get u(x,t) = v(z)e ™! = eilke=wt) — cik(z=ct) 45 g solution of the wave
equation. Compare this solution with (1.4). A physically relevant function would
then be, for example,

U(z,t) == Reu(z,t) = Re ™™ = cos(k(z — ct)).

This is a wave moving to the right with velocity ¢. The solution v(z) = e~*2 of the
Helmholtz equation yields a wave moving to the left.
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If we consider the wave equation in different materials, we typically obtain equa-
tions of the form
pdiu =V - (aVu), (1.7)

where p = p(x) describes a local density and a = a(z) describes a stiffness of the
material. Accordingly, coefficients are obtained in the Helmholtz equation (1.6). The
time-homogeneous approach can still be carried out because the material parameters
do not depend on time. The result is

~V - (aVv) —w?pv=f inQ. (1.8)

Higher dimension, constant coefficients. Solutions in the whole space R™ can be
constructed by letting solutions depend on only one of the directions. For n = 3, for
example, v(xy, o, x3) = sin(kzy) is such a planar solution of the Helmholtz equation
(1.5); it corresponds to a standing wave of the wave equation. The Helmholtz solution
v(z1, T2, 13) = €1 with the time dependence e~™! corresponds to a planar traveling
wave in the x; direction.

A generalization is to use any wave vector k& € R" and look for the solution
in the form v(z) = €*®. The initial condition dyul;—q = 0 is satisfied by u(z,t) =
e®® cos(wt). For w = c|k|, u is indeed a solution of the wave equation. By combining
such solutions for all £ € R™, one obtains a solution of the wave equation in R"™ for
up = 0 and arbitrary wug

u(x,t):/ Gio(k)e™* cos(c|k|t) dk

This follows from the theory of the Fourier transform, which states that any ug can
be represented as a superposition of functions e***. This shows that the analysis of
e’ waves actually yields a lot of information.

The Helmholtz equation is particularly interesting because of resonance phenom-
ena. The simplest example is the Helmholtz resonator; see [11]. Interesting phenom-
ena can be observed in periodic media; we mention [12, 8] here for mathematics.

Exercises

Exercise 1.1 (One-dimensional wave equation). We consider the wave equation
0?u = ¢ Au in one spatial dimension.

(a) For any smooth initial data u(.,0) = uy and Owu(.,0) = uy, find a solution of
the form u(x,t) = p(x + ct) + Y (x — ct) with appropriate ¢ and 1.

(b) Show that also for ¢ € L'(R,R) the function u(z,t) = ¢(x + ct) is a distribu-
tional solution of the equation in R x (0, c0).

Exercise 1.2 (Wave equation on a bounded domain). For the domain Q C R™, we
choose the eigenfunctions () of the Laplace operator (Dirichlet boundary data) as
the basis of L*(Q2). Use it to specify the solution of wave equation on S for initial
data u(.,0) = vy and Owu(.,0) = uy and homogeneous Dirichlet boundary data.
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2. Fredholm operators and spectral
theorem

2.1. Features of Fredholm operators

This section is similar to Section 7 of my
script “Nonlinear Analysis” (online). Therefore:
For further connections see there.

Fredholm operators are in a way the counterpart to compact operators. While
the compact operators are close to zero except for a finite number of components,
the Fredholm operators are essentially close to the identity. We consider continuous
linear mappings L : X — Y between Banach spaces, i.e. elements L € L(X,Y).
We use ker(L) to denote the operator’s kernel, ker(L) := {z € X|Lz = 0}, and
R(L) := L(X) = {Lz|x € X} to refer to the operator’s image.

Definition 2.1 (Fredholm operator). An operator L € L(X,Y) is called a Fredholm
operator if R(L) is closed and

dimker(L) < oo and codim R(L) < co.

The second condition is that there is a decomposition Y = Yy @ R(L) with finite-
dimensional Yy. The codimension codim R(L) is the minimum dimension of Yj.
The integer dimker(L) — codim R(L) is called the index of the Fredholm operator.

An important result of functional analysis is the following closed complement the-
orem (see, e.g., [1], Theorem 7.3).

Theorem 2.2 (Closed complement theorem). Let X be a Banach space, Y C X a
closed subspace, and Z C X a subspace with X =Y @& Z. Then the following are
equivalent:

(a) There is a continuous projection onto Y with kernel Z, i.e. an element P €
L(X) with PoP =P, R(P)=Y andker(P) = Z.

(b) Z is closed.

One direction in this theorem is trivial, namely (a)=-(b): If P is continuous, then
Z = P71({0}) is closed as the preimage of a closed set.

Regarding the assumption on Y: With a projection P as in (a), the projection
@ = id — P is also continuous, so Y = ker () is also closed. Thus, a projection as in
(a) can actually only exist for closed subspaces Y.
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The interesting part of the theorem is: “If Y C X is a closed subspace with a
closed complement, then there is a continuous projection onto Y.”

For a direct sum, the projections are something very concrete: any element x € X
can be uniquely written as x = y 4+ z with y € Y and z € Z. The projection P is
given by P(x) = y.

Comments on Definition 2.1: (i) Let X be a Banach space and X, a finite-
dimensional subspace. Then there is a continuous projection onto Xy. In particular,
Xo has a closed complement.

Proof of (i): Let Xy = span(ey, ..., e,) and Ax : X9 — R be the linear functionals
with A\i(e;) = 0. By the Hahn—Banach theorem, extend )\, to continuous linear
functionals on X. Then a continuous linear projection from X to Xj is defined by

Px = Z)\k(x) e -
k=1

In particular, for Fredholm operators L and X, = ker(L), the following holds: we
can always choose the X = Xy @& X; decomposition so that the X; space is closed.

(ii) For a Fredholm operator L, let X = X, @& X; be a decomposition of X with
Xo = ker(L) and X, closed. Then the operator L; := L|x, : X; — R(L) is contin-
uously invertible. In fact, according to the definition of subspaces, the operator is
bijective. Because because the spaces are closed, its continuous invertibility follows
from the inverse mapping theorem.

(iii) The closedness of the image R(L) does not have to be required in the definition
of the Fredholm operator, it follows from the other properties. This is also known
as the theorem of Kato.

Proof of (iii): Let X = Xy ® X;, where Xy = ker L is finite-dimensional and X is
closed. In addition, suppose that Y = Yy @ Y] with ¥; = R(L) and finite-dimensional
Yy. Let’s look at the extended operator L:X; x Yo=Y, (x1,y0) = Lx1 + yo. This
operator is linear and continuous between Banach spaces. Also, the operator is
bijective: 0 = Lx; +yo € Y1 & Yy implies Lxr; = 0 and yy = 0, and therefore
also 1 € ker(L) N X; = {0}. Conversely, any element y = y; +yo € Y1 @ Yp
has a preimage under L; it is given by yo and a preimage of y; € Vi = R(L). As
a bijective linear continuous operator between Banach spaces, L has a continuous
inverse B:= L ':Y — X, x Yy. So

R(L) = L(X;) = L(X, x {0}) = B~ (X, x {0})

is closed.

The following theorem provides a first connection between Fredholm operators and
compact operators.

Lemma 2.3 (A Fredholm operator is the identity plus a compact operator). Let
L : X — Y be a Fredholmoperator with index 0. Then there is a Banach space
isomorphism I :'Y — X, so that I o L is of the form I o L := id+ K with compact
K € L(X). Moreover, K can be chosen to have finite-dimensional range.

10
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Proof. Weuse L : X;xYy — Y again, (21, yo) — La1+1o with the continuous inverse
B:=L"':Y — X; xY,. The first component of the operator ® := (&, ;) :=
BoL:X — X; XYy, understood as ®;|x, : X1 — Xj, is the identity.

The finite-dimensional subspaces Xy and Y, have the same dimension and are
therefore isomorphic. With such an isomorphism, B : Y — X; x Y, can be composed
with an isomorphism on the Y, component of the range to obtain a Banach space
isomorphism [ : Y — X; x X,. This satisfies what is desired. O

Fredholm alternative

The property of Fredholm operators from Lemma 2.3 can essentially be reversed, so
it yields a characterization of Fredholm operators with index 0. Again, the statement
only holds up to an isomorphism.

Theorem 2.4 (Identity plus compact is Fredholm). If K € L£(X, X) is a compact
operator, then L := id+ K is a Fredholm operator with indez 0.

Proof. See Alt [1], Theorem 8.15. We do not prove the theorem here; for self-adjoint
operators, it is a corollary of the spectral theorem 2.8. O

The theorem yields the famous Fredholm alternative as a corollary.

Corollary 2.5 (Fredholm alternative). Let A # 0 and let K € L(X, X) be compact.
Then the following Fredholm alternative holds

Fither the equation (A — K)x = 0 has a solution x # 0,
or the operator (A — K) : X — X 1is invertible.

Remark. The alternative also yields: Either the equation (A — K)(x) = 0 has a
nontrivial solution z or the equation (A — K)(z) = f has a unique solution x € X
for each f € X.

Another equivalent formulation is:

AN-K) ' X=X <<= dx#0: A-K)(x)=0 (2.1)

In this equivalence, the direction “<=" is trivial; the interesting direction is “=".

With this formulation you can see the relationship with a spectral statement: If A
is a spectral value of K, i.e. (A — K)~! does not exist, then A must be an eigenvalue
of K, i.e. an x # 0 must exist with (A — K)(z) = 0.

Proof of Corollary 2.5. According to Theorem 2.4, the operator L := A\— K = \id—
K is a Fredholm operator with index 0 (a non-zero factor does not change Fredholm
properties). If the operator L = A — K is invertible, then the only preimage of zero is
zero. Conversely, if ker(L) = {0}, then R(L) = X holds according to the definition
of the index of Fredholm operators. O]

Based on previous considerations about Fredholm operators, the following lemma
is no surprise.

11
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Lemma 2.6 (Fredholm plus compact is Fredholm). Let L : X — Y be a Fredholm

operator and
K : X —Y compact,

both linear and continuous. Then the operator
L+K:X—=>Y
1s a Fredholm operator. The index of L + K 1is the same as that of L.

Proof. By adding a finite-dimensional component to one of the Banach spaces X or
Y, we can modify any Fredholm operator so that it has index 0. We can therefore
assume in the following without loss of generality that L has index 0.

We have to show that the operator L+ K is also Fredholm with index 0. Lemma 2.3
yields the existence of an isomorphism [ : Y — X, so that [ o L. = id + K; with
a compact operator Ky : X — X. The operator [ o K : X — X is compact again
as a composition of a continuous operator with a compact operator. According to
Theorem 2.4, [o(L+ K)=1oL+ 10K =id+ K; + I o K is therefore a Fredholm
operator with index 0. The isomorphism I does not change the Fredholm properties,
so we get the result for L + K. O

Example 2.7. On a bounded domain €2 C R™, we can consider:
L=A:X=HQ)N{u|0ulsg=0} =Y = L*Q). (2.2)

The image of L is not quite Y, because all f = Lu have the property fo = 0.
But: Y = R(L) & {u = ¢}, the range has a one-dimensional complement.

The kernel of L is nontrivial because constant functions are contained in X, but
are mapped to 0 € Y. Again, ker(L) = {u = ¢} is one-dimensional.

Result: The operator L from (2.2) is not invertible, but it is a Fredholm operator
with index 0. To put it bluntly: There are finitely many exceptional dimensions in
the domain and codomain; apart from these, L is invertible.

2.2. Spectral theorem for compact operators

This section contains material that also appears in
Chapter 8.3 of [10]. This is where the
tools that we use here are provided.

We consider linear operators K : X — X on a Banach space X and are interested
in the spectrum

o(K):={X € C|\id — K is not continuously invertible} . (2.3)

For this lecture, the simplest spectral theorem is sufficient: K is a compact self-
adjoint operator on a separable Hilbert space X.

As a reminder, an operator is compact if for each bounded set in the preimage, the
closure of the image is compact. The operator K is called self-adjoint if (Ku,v) =
(u, Kv) y for all elements u,v € X.

12
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Theorem 2.8 (Spectral theorem for self-adjoint compact operators). Let X be an
infinite-dimensional separable real or complex Hilbert space, K : X — X a linear
compact self-adjoint operator. Then there exists a countable family of eigenvalues
(Ak)ken, and eigenvectors (uk)en. ,

Kuy, = \puy, up € X, \p € R,

such that (ug)ren, forms an orthonormal basis of X: We have (uj, ux) = o for all
k,l € N, and, for real Hilbert spaces X,

Vue X El(bk)keN*, b, e R : u = Zbkuk
k=1

with convergence of the series in X. The spectrum is o(K) = {0} U {A1, Ao, ...}

The same theorem holds in finite-dimensional spaces, but then the index set is
finite and 0 is not necessarily in the spectrum of K. The last two statements also
hold in the complex case, except that b, € C in general.

In preparation for the proof, we find that in the case of a complex Hilbert space,
because of the self-adjoint nature of K and the (Hermitian) symmetry of the inner
product, the equation

(Ku,u) = (u, Ku) = (Ku,u) (2.4)
holds. Thus, (Ku,u) € R for all u € X. For an eigenvector u with Ku = Au, we
have

Mu|* = Au,u) = (Ku,u) €R, (2.5)

so all eigenvalues are real. Orthogonality: For eigenvectors u and v corresponding
to eigenvalues A\, i € R, we have

Mu, vy = (Ku,v) = (u, Kv) = p{u,v) = plu,v) . (2.6)

If A # p, we therefore have (u,v) = 0; eigenvectors corresponding to different eigen-
values are orthogonal.

The idea of the following proof is: Minimize a functional on spheres in a Hilbert
space, this yields the eigenvectors. Because of the orthogonality of the eigenspaces,
we can search for the next eigenvector in the orthogonal complement of the previous
eigenspaces.

Proof of the spectral theorem 2.8. We use variational methods.

Step 1: Variational problem with constraints and direct method. We consider the
real functional

A: X =R, A(u) == (Ku,u) . (2.7)
We consider the functional A on the unit sphere, i.e. we investigate the constraint
N = {u € X|||ul]| = 1}. We are looking for positive maxima and negative minima

of A on N. The functional A is bounded up and down because of the continuity of
K. The space X is reflexive because it is a Hilbert space. We use the direct method.
Due to the N constraint, all minimizing sequences are automatically bounded.

We claim that A is weakly sequentially continuous. To do this, we consider any
weakly convergent sequence u; — w in X. Then the sequence (u;); is bounded in

13
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X. Because of the compactness of K, we find a subsequence and a limit f with
Ku; — f in X along the subsequence. We claim that Ku = f. We obtain this from
the following calculation for an arbitrary test vector ¢ € X for j — oo,

(Ku,p) = (u, K@) «— (u;, K) = (Ku;,0) = (f, ).
The strong convergence Ku; — f in X implies the convergence of A(u;) because of
A(uy) = (uj, Ku;) — (u, f) = (u, Ku) = A(u) .

The lemma without a name implies that the original sequence A(u;) also converges.
This shows the weak continuity of A.

Step 2: Positive maxima and negative minima. It is not true that the unit sphere
N is weakly sequentially closed. We will still find maxima and minima with the
direct method.

Consider a minimizing sequence u; € N with A(u;) N\, inf,enr A(v) = « and
assume that o < 0. Passing to a subsequence, we find a weak limit, i.e. u; — u
in X, with |lu|| < 1 because of the weak lower semicontinuity of the norm. We
normalize the weak limit v and consider @ = u/||u|| (the weak continuity of A implies
A(u) = a < 0 and therefore u # 0). The weak continuity of A and o < 0 yields

1
Au) = ||U|’2a <a.

A(@)

R

The left-hand side is greater than or equal to a according to the definition of a; there-
fore, equality holds throughout and, in particular, |Jul| = 1, i.e. w € N. Thus, we
can find negative minima and analogously positive maxima with the direct method.
For a minimizer u, the theorem on constrained minimization yields some A € R such
that

Ku = Au, lul| =1

Then 0 > o = A(u) = (u, Ku) = A||ul|* = A, so we have constructed an eigenvector
corresponding to the negative eigenvalue A = . Analogously, a maximizer of A, we
get the positive eigenvalue A = a when o = sup, A(v) is positive.

Step 3: Dimension of eigenspaces and orthogonal complements. We claim that for
any A # 0, the eigenspace is finite-dimensional

Xy ={ue X|Ku= M} =ker(Aid — K)

. We prove this by showing that the unit sphere in X is compact. To do this, let
u; be any sequence in X with ||u;|| <1 for all j € N. Because of the compactness
of K, we find a subsequence and f € X with Ku; — f in X. This implies the
strong convergence of u; = \'Ku; — A\~!f along the subsequence. This shows the
compactness of the sphere, X is finite-dimensional.

We now consider for finitely many eigenvalues 0 # A\, € R, k =1, ..., m, the corre-
sponding eigenspaces X, and the span of these spaces, Y,, := span{X,,,..., Xy, }.
We refer to the orthogonal complement of Y,, in X as Y. This space is closed and
is therefore a Hilbert space. We can restrict the operator K to Y:: we claim that

m

14
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this gives an operator K|y : Y, — V. The relation to be proven is Ky € Y, for
y € Y-, For any ¢ € X, this follows from the calculation:

We now proceed inductively. For eigenvalues 0 # A\, € R, k =1, ..., m, we consider
ay 1= SuP,ennys A(v) and a- = inf,cyqy1 A(v). In the case of |ay| > |a_|, we
are looking for a maximum of A(v) in N'NYL in the opposite case a minimum. We
get a new eigenvalue A1 (unless minimum and maximum vanish; in which case all
eigenvalues are found in finitely many steps). The construction yields |A,11| < [Am,
where equality only occurs if A\,,11 = —Ap.

Step 4: The sequence of eigenvalues. We claim that the sequence of eigenvalues
found in this way satisfies

Am — 0 for m — oo

. This follows immediately by a contradiction argument: Suppose that, for a sub-
sequence, \,, — A # 0, where all \,, are different. Then we can choose normalized
eigenvectors u,, with Ku,, = \,u,,. Because of the compactness of K and \ # 0,
we have u,, = \,'Ku,, — A1 f. On the other hand, for m # n, orthogonality gives
|, — Un ||* = ||tm]|? + [|un]|? = 2, a contradiction. In particular, we have shown that
there are only countably many eigenvalues.

We claim that the following norm estimate also holds: For every € > 0 there is an
index m € N such that, for Y,, = span{X,,, ..., X),, }, the following holds:

Kly: Y,y =Y, hasnomm |[Kl|y.| <e. (2.8)

In the case of ay > 0, the number oy = sup,cpnys A(u) is an eigenvalue of
K|y after step 2, i.e. also an eigenvalue of K. By construction, a; < ||, and
analogously a_ > —|\,,| for the infimum. We exploit the self-adjoint nature of K to
establish a parallelogram identity (noted here for real Hilbert spaces):

A Ku,v) = (K(u+v),(u+v)) — (K(u—2),(u—2v)) =Au+v) —Alu—v). (2.9)

We consider a normalized vector u € Y,-. We decompose any test vector v € X as
v=uv+v €Y, ®Y,, so that (Ku,v) = (u, Kvy) + (Ku,v,) = (Ku,v,). We get
the inequality ||Ku| < Csup,ennys [A(p)] < ClAn| from (2.9), and thus (2.8).

We now want to construct an orthonormal basis of X from eigenvectors. In each
of the finite-dimensional eigenspaces X,, A # 0, we choose an orthonormal basis.
Because of the orthogonality of different eigenspaces, we get (uy,w;) = d0p for all
k,l by normalization. Finally, we can choose an orthonormal basis of the (generally
infinite-dimensional) space X, = ker K C X, since X is separable. These eigen-
vectors corresponding to the eigenvalue 0 are in turn orthogonal to the previously
constructed eigenvectors.

In the formulation of the theorem, we used a sequence of eigenvectors and did not
distinguish between the kernel X, and its complement. In order to obtain eigenvalues
as in the theorem, the nontrivial A\, found here may have to be partially repeated
(according to the dimension of the corresponding eigenspace) and eigenvalues 0 must

15
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be inserted into the sequence (for example, the even indices k could be used to
traverse the basis of Xy and the odd indices k the bases of all other eigenspaces). The
index k now refers to this new count of eigenvalues, the orthonormality (uy, u;) = 0
is preserved.

We note at this point that 0 € o(K) necessarily holds (although the triviality of
kernel Xy = {0} is possible). In fact, we could otherwise write the identity on X as
id = K~! o K the identity would then be a compact mapping. This is only the case
in finite-dimensional space.

Step 5: Completeness. We now have to show the completeness of the constructed
family, i.e. for any v € X the existence of coefficients b, € R with v = >, byuy
(convergence in X'). With the help of our normalized basis vectors uy, we can obtain
the coefficients by,

M
br, := (v, ug), Py = Zbkum e = v — Pyv.
k=1

The expression Pyv = Z,]cvil bruy, yields the projection of v onto the span of the first
M eigenvectors; after choosing the coefficients, especially

M
1Parolli =D 1bel* = (Pav,v) < [ Paollx ollx
k=1

we also have || Pyv||x < ||v]|x. We need to show the convergence of the error, e — 0
in X. Since we have included a basis of the kernel in the (uy); family, it is sufficient
in the following to consider elements of v € X" in the complement of the kernel.
The error eM = v — Py satisfies eM € Y. Since the projection is bounded,
(€M) is a bounded sequence. We choose a weakly convergent subsequence e — ¢
in X. Due to the compactness of K, we have Ke — Ke in X. Moreover, by (2.8),

I < ||y | Ie¥llx o0,

Ke = 0. The relation e € Xg- for all M implies e € X3 (weak closedness of closed
subspaces), so e = 0 must hold. Thus, the errors e converge at least weakly to 0
in X.

The strong convergence of errors follows with the calculation

M M
leM % = <€M,U — Zbkuk> = (eM,v) — Zbk<€M7Uk> = (M v) =0
k=1 k=1

for M — oo. This shows the completeness of the uy eigenvectors.

We still have to show o(K) = {0} U {A1, Ag,. ..}, although the inclusion “D” has
already been shown. We use a simple spectral statement: For all u € o(K), the
relation |u| < ||K|| holds. This follows immediately with the Neumann series: For
all A € C with |A| > ||K]|, the Neumann series converges and yields the inverse of
the A — K operator. In our construction above, this means that any 0 # A € C
for sufficiently large M is not in the spectrum of the operator K ‘Yﬁ' This yields
“c”. O
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Exercises

Exercise 2.1 (Decomposition with a non-closed subspace). We consider the Banach
space X = (*(N) and the (one-dimensional and therefore closed) subspace Yy =
span{e; }. For a non-continuous linear functional X : X — R, consider

Y i={z = (21,29,23,...) € X | 21 = AN((22,23,...)) } .

Show that (a) Y is a linear subspace of X, (b)Y is not closed in X, and (¢) X =
YooY.

Note: For Fredholm operators L, R(L) is automatically closed (theorem of Kato). The
exercise shows that this does not follow solely from the fact that there is a finite-dimensional
complement.

Exercise 2.2 (Spectral theorem for non-normal operators). Formulate a spectral
theorem for compact operators K : X — X on a Hilbert space X without the re-
quirement that K is normal (keyword: theorem of Riesz—Schauder). Use matrices to
think about which statements of the spectral theorem are not universally valid. Use
the material of the lecture to think about which statements of the spectral theorem
remain valid.

Exercise 2.3 (Special spectral statements). Let X be a Hilbert space and K : X —
X compact and normal. Show that K has an eigenvalue A € C with |\| = ||K||. This
number corresponds to the spectral radius.

Let X be a Banach space. Show that every nilpotent operator T : X — X (i.e.
T* =0 for some k € N) has the spectrum o(T) = {0}.

Exercise 2.4 (Spectral theorem and compactness). Let K : X — X be a normal
operator on a Hilbert space. Assume further that O is the only accumulation point of
o(K) and for all X € o(K)\ {0}, the generalized eigenspace | J; oy ker((A — K)7) is
finite-dimensional. Show that K is compact. Show that without the assumption of
normality the statement is false.

17



3. Laplace—Beltrami operator and
spherical harmonics

3.1. The Laplace—Beltrami operator

This section contains material that is

included in Chapter 8.3 of [10].

In this section we consider the manifold S := S"~1 = 9B;(0) C R". However, the
concepts presented can be generalized to arbitrary submanifolds.

The tangential gradient

We first define the tangential gradient. Let u : S — R be a continuously differentiable
mapping. We denote the tangent space to S at the point x by 7.5 it can be identified
with an (n—1)-dimensional subspace of R™, namely the span of n— 1 tangent vectors
Ti, ..., Tn_1. Tangential vectors 7 € TS are those vectors 7 € R" for which there are
differentiable paths v : (—,¢) — S with v(0) = z and 7/(0) = 7. For the tangent
space 1,5, we use P, : R" — R" to denote the orthogonal projection onto T,5S.

An elementary definition of the tangential gradient can be given with extensions of
u. Let 4 : R® — R be a continuously differentiable extension of u, i.e. & =w on S (it
is sufficient if @ is defined only in a neighborhood of S; you can choose (z) = u(‘i—|)
on the sphere, for example). With the projection P, onto the tangent space (given
on the sphere by P,(§) =& — (¢, ﬁ)ﬁ), we define

Vru(z) == P.(Vi(x)). (3.1)

If we are not given a surrounding space, another definition is necessary. We then
start from the derivative Du(x) : T,S — R; this can generally be defined via the
derivatives of uw o~y for paths 7. With the help of an inner product (.,.) on the
tangent space and Riesz’s representation theorem, we now represent Du(x) by a
vector g € T,.S:

if Du(z)(7) = (g,7) Y7 € R* ', then define Vyu(z) := g. (3.2)

We still want to see that the two definitions of Vru(z) actually give the same result.
We use a basis 7, ..., 7,1 of T,.S, and we refer to the associated paths as vy, ..., Yn_1.
By the chain rule,

(9,7) = Du(a)(7) = (o)

e=0 e=0

The normal component of g vanishes because of the requirement g € T.S. Therefore,
the two definitions (3.1) and (3.2) of the tangential gradient match.

18
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H'(S) and Laplace—Beltrami operator

For functions u € C'(S,R), we can consider the norm

alpegs) = / uf? + | Vraf? (3.3)

and define the space H'(S) as the completion of C*°(S,R) with respect to the norm
|-l zr1(s). On the space H'(S), we then define a bilinear form by

a: H'Y(S) x H(S) = R, a(u,v) := /SVTU -Vru. (3.4)

For each v € H'(S) a linear form A € H~(S) := H'(S)" is given by A : H'(S) — R,
v +— —a(u,v). This linear form is called Agu. If the linear form (due to the regularity
of u) is even a continuous linear form on L?(S), then Agu can be represented by an
L*(S) function, its application to a test function v is then given by the L?*(S) inner
product. In this case, the following more suggestive notation is justified.

~Ag: HY(S) — H(S), /(—Agu)v = / Vru-Vyo. (3.5)
S s
The operator Ag : H*(S) — H~1(9) is called the Laplace-Beltrami operator.

Connection to the full Laplace operator

We use spherical coordinates and write a point x € R" \ {0} as x = r{ with r = |z
and £ € S. In a point x # 0, we use the unit vector in the radial direction, e, := %
Our goal is to decompose the Laplace operator into a spherical part and a radial
part. The radial part should contain only derivatives with respect to the radius r.

We define
A, : C*((0,00),R) = C%((0,00),R), w— Ay,

3.6
Ayw(r) = rn—l_lc?r(r”_l&w)(r) . (3.6)

Lemma 3.1 (Representation of the Laplace operator with the Laplace—Beltrami
operator). Foru € C*(R"), the following identity holds at every point xo € R™\ {0}:

1
Au = Au+ ﬁASu. (3.7)

The formula (3.7) can be read as follows: In a point xg = 7¢&y, Au is evaluated at
the point xy on the left. On the right, in the first term, the operator A, is applied
to the function r — wu(r&y) and the result is evaluated in 7¢; in the second term, the
Ag operator is applied to the £ — u(ro§) function and the result is evaluated in &.

The formula (3.7) shows that the sum of all second derivatives can also be sep-
arated into second radial derivatives and second tangential derivatives with respect
to the polar coordinates. However, due to the curvilinear coordinate system in both
directions, the first derivatives appear, in the radial part relatively explicitly, in the
tangential part rather implicitly via the Laplace-Beltrami operator.
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The Helmholtz Equation

Proof. To prove (3.7), an integration by parts with a test function ¢ € C(R™ \
{0},R) is sufficient. We calculate that both sides of (3.7) act on the test function
¢ in the same way. We use successively: (a) integration by parts in R, (b) the
formula for integration over spherical shells, (c¢) the decomposition of the gradient
into a radial and a tangential part, Vu = d,ue, + Vru. In the second line of the
calculation (and only there) Vru denotes the tangential gradient on the sphere rS
of radius 7; this is calculated with the chain rule as (Vru)(r€) = r~ 'V (u(r .))(€),
which we exploit in (d). In addition, in (d) the transformation theorem with the
volume element ! is used, in (e) an integration by parts with respect to 9, on
(0,00) and the definition of Ag, in (f) another integration over spherical shells.

| M@ | Vu-vye //Vu Vo dH" dr

R7 R

(:)/Oo/ Dt - Do + Vg - Vpp dH™ L dr
9 [ [ outre) - onptryan o)
" / 1Ol DO Vet D@ ) dr
o[ T?}—_la?q(r”laru<.§>><r>so<r§>dwl<g> L
/ / L Asu(r )©)p(re)dH ™€) " dr

i—/n(Aw Asu)

Since ¢ was arbitrary, the claimed formula (3.7) is proved. ]

3.2. Spherical harmonics

The operator Ag is not invertible, because constant functions on the sphere are
mapped to the constant function 0. We divide the constant functions out of the
space and use the space L§(S) := {u € L*(S)| [qu = 0} with the norm of L*(S).
Then the mapping into the dual space is

Ag: HY(S)NI2(S) — [H'(S) N L2(S)]

invertible. This follows from Riesz’s representation theorem with a from (3.4). The
mapping K = Ag' : L3(S) — L2(S) is compact and self-adjoint.

The spectral theorem 2.8 for self-adjoint compact operators yields: The space
L3(S) is spanned by eigenvectors of K, i.e. by eigenvectors of Ag. There are py, €
R\ {0}, k¥ > 1, and solutions u; € L*(S) with

Aguy, = — iy, Uy, -

By adding the constant function ug = 1 (a function with Agug = 0, i.e. an eigen-
vector corresponding to py = 0), we get a basis of L?*(S). The eigenfunctions u;, are
called spherical harmonics.
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With the help of spherical harmonics, we can construct many harmonic functions:
We use the separation ansatz u(r, &) = w(r)ug(€) and calculate

Nl = (B,0)(r)us(€) + wlr) 5 Asue(€) = [Au(r) — Low(r)] w(e).

The function w is harmonic if w solves the ordinary differential equation
Aw(r) = per—2w(r). For ¢ € Z, we set w(r) = r? and calculate A,w(r) =
r= DO (r 10w (r) = qr= Vo (r" ) = g(q +n — 2)r~2w(r). In fact, the
eigenvalues py, of —Ag are of the form p; = ¢(¢ +n — 2) and spherical harmonics
provide harmonic functions with the corresponding factor r¢. This allows us to spec-
ify a harmonic extension in the form of a series for arbitrary boundary values on the
sphere.

Eigenfunctions of —A on subsets of R™ can also be found with spherical harmonics.
The equation —Au = Au is solved by the function u(r, §) = w(r)ux(§) if w solves the
equation

~Aw(r) + %w(r) = \w(r)

. This equation is a form of Bessel’s differential equation.

In fact, it can be shown that this method (based on a separation ansatz with spher-
ical harmonics) provides a complete system of eigenfunctions of the Laplace operator.
This explains the frequent occurrence of spherical harmonics in solutions of different
equations. The best known are the eigenfunctions related to the Schrodinger opera-
tor: The s orbital of electron distributions in the atom corresponds to the constant
spherical harmonic ug, the dumbbell-shaped p orbital to the spherical harmonic with
two opposing maxima.

Exercises

Exercise 3.1 (Spherical harmonics in two dimensions). Consider n = 2. Specify
A, and Ag and all spherical harmonics. For all spherical harmonics, specify the
harmonic functions that have the same angular dependence. Make a connection to
holomorphic functions.

Exercise 3.2 (Laplace-Beltrami operator in three dimensions). We consider n = 3
and the coordinates

rcos(p) sin(f)
x = | rsin(p)sin(d)
rcos(6)
Show that in three dimensions the Laplace—Beltrami operator satisfies the formula
1 9 1 .
Ag = 05+ Op(sin(6)0p) .

sin?(9) ¥ sin(6)
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4. Bounded domains

4.1. Spectrum of elliptic operators

The spectral theorem 2.8 makes a statement about bounded (even compact) oper-
ators K. Thus, it is not directly applicable to an elliptic operator, because it is
not compact, not even bounded (as mapping from a space into itself). We obtain a
spectral statement by applying the theorem to the inverse of the differential operator.

We consider the Helmholtz equation in a bounded domain €2 C R™. Let the coef-
ficients a € L*°(Q,R"*™) be symmetric and coercive, b € L>(2,R) with a positive
lower bound. Consider the operator L : H}(Q) — H1(Q),

L:uw— —V-(aVu), (4.1)
defined by

(Lu) (p) = /(a(x)VU(x))'VsO(x) dv Yy € Hy(Q).

Under our assumptions (a and b positive), the operator L + b is invertible; there
is a solution operator (L + b)~' : H~! — H}, which is linear and continuous. In
particular, after restricting the operator, we have

(L+0b)"": L*(Q) — Hy () linear and continuous.
If we now use the compactness of the Rellich embedding, we get the operator
(L+b)~t: L*(Q) — L*(2) compact.

In order for the statement from the spectral theorem to be useful for us, we still have
to incorporate the multiplication by the coefficient b in a suitable way. We look at

K :=(L+b)"'o(bid) : L*(Q) — L*() compact.

We equip the space L*(€) with the inner product

(u,v)H[)b(x)u(:t)v(a:) dx

. Because of the boundedness of b and the positive lower bound, this inner product
induces an equivalent norm on L?*(2); we make L?*(2) a Hilbert space with a new
inner product and write X for this space.

In X, the operator (L + b)~! o (bid) is self-adjoint. To see this, we calculate for
arbitrary f,g € X and the associated “solutions” v = K(f) = (L +b)"*(b- f) and
v="FK(g) = (L+b)7(b-g):

(Kf.g)x = (u, b7 (L +b)(v)x = (u, (L +b)(v))r2.
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The Helmholtz Equation

The symmetry of L and bid in L? yields that this is equal to ((L + b)(u),v)z2, and
this is (with the same calculation) (f, Kg¢)x. So the operator K is self-adjoint in X.

The spectral theorem 2.8 for self-adjoint compact operators yields: The space
L?(€2) is spanned by the eigenvectors uy of K = (L +b)~ o (bid) : L2(Q2) — L*(Q).
Thus, there are i € R and solutions u; € L?(2) with

The operator is positive, so ui > 0. We can apply the operator and get

By forming the inner product (in L?) with u; and using (uy, Lug) > 0, we get
0 < pup <1. We get

1
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with Ay, = —1 + plzl > 0. The functions wu; are therefore eigenfunctions of the

generalized eigenvalue problem Luy, = A\pbuy. The eigenvalues are \, = —1+ u,;l >0
with A\, — +o0o for & — o0o. So we have found eigenfunctions for the differential
operator with the help of the spectral theorem for compact self-adjoint operators.

4.2. Helmholtz equation in the bounded domain

In the bounded domain 2 C R", we consider the following inhomogeneous Helmholtz
equation, a generalization of (1.6):

~V - (aVu) —w?bu=f inQ. (4.2)

Let the coefficients a and b be as in the previous section; in particular, both are
positive. Let w > 0 be a frequency and f € L*(2) a right-hand side.

Fredholm alternative. We use the notation of the last section. We first insert a
term into the equation and write it equivalently as

~V - (aVu) +bu= (1+w?)bu+ f.

Now we apply the compact operator (L + b)~!, which gives us u on the left. Rear-
ranging gives

u— (1 +w?)(L+b)"bu) = (L+0b)(f).

This problem for u is of the form (id + K)(u) = g for a compact operator K. Thus,
the Fredholm alternative applies: Either there are solutions u for all f or there are
non-trivial solutions to f = 0.
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Additional statements with the spectral theorem. The two possibilities can be
characterized more precisely. Which one is present depends on the frequency w.

Option 1: We have w? # )\, for all k € N. The number w? is therefore not a spectral
value. Then the operator L — w?b is invertible. We get the unique solvability of the
equation for all f.

Option 2: We have w? = )\ for some k& € N. In this case, there is u, # 0 with
Luy, = Agbuy. This yields a non-trivial solution for (4.2) with f = 0. In particular,
the problem of (4.2) cannot be solved uniquely. The Fredholm alternative yields an
additional piece of information: There is actually a right-hand side f such that the
equation is not solvable.

Exercises

Exercise 4.1 (Spectral theorem with mass operator). The spectral theorem yields
eigenvalues \, and eigenvectors uy with Ku, = Ayup. For a linear bounded self-
adjoint invertible and positive operator B : X — X, we want to search for eigenvalues
and eigenvectors with the generalized relation Kuy = A\, Buy. How can we adapt the

proof of the spectral theorem to obtain the same statements with the “mass operator”
as for B = id?
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5. Exterior domains

5.1. Rellich’s lemma

For a spectral parameter A > 0 and a radius R > 0, we consider solutions of the
equation

(A+Nu=0 (5.1)

in the domain Q := R"™\ Bg(0). The dimension n € N is arbitrary with n > 2.
Even if we set a boundary condition along dBg(0), we can’t expect solutions to
be unique; we also have to specify a “boundary condition for |z| — o00”, a so-called
radiation condition. With a radiation condition, uniqueness can be ensured.
Uniqueness can be inferred from Rellich’s lemma. The lemma even shows the
following: lemma: If the solution decays very quickly, then it must vanish.

Theorem 5.1 (Supercritical decay of Helmholtz solutions). If u is a solution of the
Helmholtz equation (5.1) in the domain Q := R™\ Bg(0) with satisfying the decay
condition

/ lul* =0 for p— oo. (5.2)
0B,
Then u vanishes identically.

Theorem 5.1 follows directly from Lemma 5.3 below, the famous Rellich lemma.
The theorem is very surprising because we don’t prescribe a boundary condition on
0BRr(0).

We mention here what is to be recalculated in Exercise 5.1: In the three-
dimensional domain R?\ B;(0), with r = |z|, the function

u(z) == (5.3)

a solution of the Helmholtz equation (5.1) for A = w?.

We notice that the solution in (5.3) does not satisfy the condition in (5.2). This
is necessary by Theorem 5.1.

Another remark: Since we want to allow u from (5.3) as a solution in an exterior
domain, we must never prescribe (5.2) as a boundary condition.

Remark 5.2 (Regularity of u). In Theorem 5.1 and Lemma 5.3, we do not specify a
function space for the solution u. The statements are of course correct for u € C*(€2).
But it is enough to require that u € Lj,.(2) is a distributional solution of the equation.
Then, because of elliptic reqularity theory, u is automatically a smooth function.

In Theorem 5.7, it must be ensured that boundary values are defined. In the Dirich-
let problem, for example, one could demand: For each test function ¢ : R™ — R of

class C* with compact support, Yu € HE ().
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Rellich’s lemma: formulation and proof. We essentially use Franz Rellich’s orig-
inal formulation from 1943, formulated and proved in [9].

Lemma 5.3 (Rellich lemma). We look at parameters \, R > 0 and a dimension
n € N with n > 2. A mapping v : Q@ = R™\ Bg(0) — R is a solution of (5.1). If u
does not vanish identically, then constants r1 > R and cg > 0 exist with

/ ul*>crp Vp>r;. (5.4)
By\Br

Proof. Step 1: Reduction to a function v of one variable. Let u : Q@ = R"\ Bg(0) — R
be a non-trivial solution of (5.1). For a radius ro > R, consider the restriction of u
to the sphere {x € R™ | |x| = 1¢}. By choosing 1 appropriately, we can assume that
u does not vanish on this sphere. The spherical harmonics form a basis of L?(S™™1).
Specifically, we find a spherical harmonic Y, normalized to have norm 1 in L?(S™1),
such that

/| M) Y (5) () £ (5.5)

We define a function v : [R, 00) — R by
)= [ wen) Yas), (5:5)
y|=1

and (5.5) implies v(rg) # 0.
Lemma 5.3 is proved once v, for some parameters r; > o and cg > 0 satisfies:

p
/ v(r)?r"tdr > crp  Yp >y (5.7)
R

In fact, (5.7) implies inequality (5.4): For arbitrary p > 71, using polar coordinates
in (i), [|Y]| = 1, and Cauchy—Schwarz in (ii), we obtain

@ [7 ne
/ juf? & / / u(ry)P dS(y) " dr
BP\BR R |I‘:1

(i) [P P )
2/ lo(r)|*r" = dr > crp.
R

So it is sufficient to show (5.7).

Step 2: An equation forv. We multiply equation (5.1) by the spherical harmonic Y’
and integrate over a sphere with radius » > R. We use the Laplace-Beltrami operator
Ag and the fact that the Laplace operator has the form A = r=("=D9.(r"~19,) +
r~2Ag in spherical coordinates. If we consider Y as a r-independent function, we
get:

o—/ (A+ Nu Y dS
8B, (0)

(5.8)
= / r~ D9, (1 ) Y +/ r?AsuY +/ AuY .
9B,.(0) 9B,(0) 9B,(0)
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The Helmholtz Equation

One must be careful how to read the term with the Laplace-Beltrami operator; we
let Ag act only on functions of the unit sphere. Using the self-adjoint nature of Ag
and the fact that Y is an eigenfunction of —Ag corresponding to the real eigenvalue
w >0, we get

/ r2Agu Y = / r 2 Ag[u(r )] Y "t = / r2[u(r-)] AgY "t
8B,(0) 8B, (0) 2B1(0)

= —u/ r2u(r )] Y = — / r2uY = —pur () rt .
8B1(0) 8B(0)

Likewise, one must also be careful with the first term in (5.8): So we calculate

[ ey = [ s 0w Y©dS©)
8B, (0) 0B1(0)

—0.0719) [ )y =0, () ot

0B, (0)

Calculation (5.8), after division by 7"~ yields

0= 00,7 10.0)(r) + (A= 4 ) olr)

= 0%v(r) +

1(9,4)(7’) + ()\ — ﬂ) v(r).

r r2

This is an ordinary differential equation for v, which now has to be analyzed.

In a way, there are three constants in this equation, namely A, u, and n — 1.
First, we notice that the factor \ can easily be scaled to 1: we switch from the old
independent variable r to the new variable s = rv/A. This results in a factor X in all
terms except the term Av. For V(s) := v(r), we get the equation with the factor 1

instead of \:
n J—

2V (s) + 185V(s) + (1 — ﬁ) V(s)=0. (5.9)

S 52

For the prefactor n—1 = 1, this is the Bessel differential equation with the parameter
L.

Step 3: Transformation of the equation for V into an equation for W. As we will
see in a moment, the parameter n — 1 can also be transformed in the equation. This
also happens in the work of Rellich, who transforms the parameter n — 1 to the
parameter 1 to obtain a standard Bessel equation. He can then use the properties of
the Bessel functions. Since we are aiming for a proof that is not based on properties
of Bessel functions, we will deviate from the original proof here. We use a different
transformation; we want the prefactor 0 instead of n — 1.

We use the new unknown W(s) := V(s)s~1/2, The derivatives are

n—1

8SW<S) = asV(S)S(nfl)/Q + V(s>s(’n*3)/2 7
(n—1)(n—3)

4

OPW(s) = 0?V(s)s™ V2 4 (n — 1)0,V(s)s™3/2 ¢ V(s)s™ /2
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Using the fact that, except for the factor s*=1/2, the first two terms in the last line
match the first two terms in (5.9), we get a simple equation for W:

W (s) + W (s)

—1)(n—-3
_ (1 _ %) V(s)sM /2 4 (n—1)(n )v(s)s(n—S)/2 +V(s)snD/2

S 4
1)(n —3) n-5)/2 _
1 V(s)s( )2 — §W(s)

[ n— (n—
= ?‘/(S)S( n/2z 4

with the coefficient v = i+ (n—1)(n —3)/4. This is a linear differential equation for
W it can be considered as a perturbation of a harmonic oscillator. An important
property is shown in Lemma 5.4, namely the asymptotic behavior of the solutions:
W(s) = acos(s + ) + O(1/s) for s — oo for suitable 8 and a a # 0.

The asymptotic behavior of W implies V (s) = as™"1/2 cos(s + 3) + O(s~(T1)/2)
and thus V(s)?s" ™t = |a|? cos*(s+ )+ O(s™!). This yields (5.7) and thus completes
the proof. n

Lemma 5.4 (Asymptotic behavior of a perturbed harmonic oscillator). We consider
intervals (sg,00) C R for sg > 0. Let W : [sg,00) — R be a solution of

(02 + D)W (s) = g(s)W(s) Vs € (s0,00) (5.10)

for a function g with the estimate |g(s)| < Cos™2. Then W is bounded and has the
asymptotic behavior for suitable o, 3,C7 € R

(W (s) — acos(s + B)| < Cys7'. (5.11)
If W does not vanish identically, then o # 0.

Proof. Variation of constants. The proof is based on the variation-of-constants for-
mula. To write (5.10) as a system of first-order system, we set

=) 4= 9) Fo= ()

This allows us to write (5.10) as
0s X (s)+A-X(s)=F(s).

The fundamental matrix of the homogeneous equation is S(t) = exp(—At), the
entries of this matrix are £ sin(¢) and cos(t). Variation of constants yields the formula

X(t) = S(t — to) X (to) + / tS(t — $)F(s)ds. (5.12)

Boundedness. For arbitrary times ty < t1, we set Cx = supy, <<, |X(t)| and
n= [ s%ds = 1/t;. Because of |F(s)| < Cos™*Cx and |S(s)| < 1, we get the
estimate |X(t) — S(t — to) X (to)| < ConCx < Cx/2 from (5.12), where the last

LAt the appropriate point in his proof, Rellich writes: ”As is well known...”. This was certainly
correct in his time, but nowadays the properties of Bessel functions are no longer widely known.
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inequality holds for every t, > 2C,. The estimate is independent of ¢;. Since
S(t —t9) X (to) is bounded independently of ¢;, we obtain the following for to > 2Cj:

Cx = sup [X(¢)] < [X(t)]+Cx/2.

to<t<ty

We fix ¢y and obtain Cx < 2|X(to)| independently of ¢;. The fact that Cy is
independent of ¢; implies that X (¢) is bounded on [tg, 00).

Decay and limit formula. With the same arguments, we can now improve the
estimates. We choose a sequence t; — oo and use (5.12) with ¢, = t;. The vector
X (t) determines oy € [0,00) and S € [0,27) in such a way that

SQ—%@X@J:(:ﬁgﬂé:%;) Vs > sg.

Since «y, is bounded, we find a subsequence and limits such that o, — o« > 0 and
Br — [ € [0,27]. This implies that the first part of the solution X (¢) in (5.12)
converges in the desired way: The first component satisfies ey - S(t — ) X (tx) =
ay cos(t + Br) — acos(t + ) for all t.

Using the boundedness of the solution, | X (s)| < Cx (with the global bound CY),
the other term satisfies, for each fixed ¢,

t L
ex(t) == / S(t—s)F(s)ds, lex(t)] < / CoCxs 2ds < CoOxt ™.

tr t

With (5.12) we write the solution as

W(t)=e - X(t)=e1-S(t —tp)X(tx) +e€1- /tS’(t— s)F(s)ds

= ay cos(t + Bi) +e1 - ex(t).

Passing to the limit £ — oo, we obtain (5.11). In addition, we get an integral formula

for W: With F(s) = g(s)W (s) e, we have, for each ¢,

t

W(t) = acos(t + ) + ey - / S(t—s)F(s)ds. (5.13)

o0

Non-trivial prefactor. It remains to show the last statement regarding o # 0. We
show: If (5.11) holds with o = 0, then W is identically zero. We therefore assume
a = 0. We choose ty > 2C, and set Cx := sup;,<;o, |W(t)|. Then (5.13) yields, for
each t > tg:

\WWg/\%—MW@mg/(m%k@SW%@gaﬁ.
t t

Taking the supremum over t > ty, we get C'y < Cx /2. This implies Cx = 0 and
thus W = 0 on [tg, 00). As a solution of a linear ordinary differential equation with
vanishing initial data at ¢y, W must vanish identically. O
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5.2. Sommerfeld condition and uniqueness

Exterior domains are open sets {2 C R™ whose complement is a compact subset of
R™. We always demand that the boundary is a Lipschitz boundary. A standard
reference for this material is [2].

Definition 5.5 (Sommerfeld radiation condition). Let Q C R™ be an exterior domain
and u : Q — C a solution of the Helmholtz equation with parameter \ = w?.
The classical Sommerfeld radiation condition is

lim ™=Y/2 (9,u — dwu) = 0 (5.14)
r—00
uniformly with respect to direction. This can be interpreted mathematically as follows:
For every € > 0, there exists a radius R > 0 such that

sup r" Y29 u(z) — iwu(z)| < e Vr>R. (5.15)

|z|=r

For us, the following weaker integral condition will suffice:
/ |0,u(z) — iwu(z)]> dS(x) = 0 forr — . (5.16)
OB,

Remark 5.6 (Interpretation of the Sommerfeld conditions). If the solution behaves
like €T in the radial direction, we expect O,u to behave similarly to iwu. Such a
solution can therefore satisfy Sommerfeld’s radiation condition. For the solution u
from (5.3) in three dimensions, we have

wr
e

wr

e

r r

Oru(z) — iwu(zr) = iw

After multiplication by r"=Y/2 = v this converges to 0.

The situation is different if the solution behaves in the radial direction like e ™"
for such a solution, |0,u(x) —iwu(z)| ~ r~', and Sommerfeld’s radiation condition
15 not satisfied.

If we look at the corresponding time-dependent solution, in the former case it is
ewr et = (=) e g wave that travels outward. The second case describes a
wave that travels inward — such a wave s not physically relevant.

Uniqueness in the exterior domain. With the help of Rellich’s lemma, we can
prove uniqueness for solutions that satisfy the Sommerfeld condition.

Theorem 5.7 (Uniqueness in the exterior domain). Let @ C R™ be an exterior
domain, let R > 0 be a radius with R™ \ Bg(0) C Q. Let u: Q — C be a solution
of the Helmholtz equation with parameter X = w?. Suppose that u = 0 on O and
Sommerfeld’s radiation condition (5.16) holds. Then u =0 on R™\ Bg(0).

Remark 5.8. The statement of the theorem also holds for the Neumann boundary
condition d,u = 0 on 02. It also holds if u = 0 is required on one part of the
boundary and d,u = 0 on the rest of the boundary. The proof remains unchanged.
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Proof. The proof is based on two calculations. One is an evaluation of the Sommer-
feld condition. For arbitrary differentiable functions u, we can calculate:

0,1 — iwul” = |0ul” + w? Jul” — 2wIm (8,ud) . (5.17)

If we integrate this identity over a sphere S, := {z € R" | ||z|| = r}, we obtain

/|(9Tu—iwu|2:/ |(9ru]2+w2/ |u|2—2w/ Im (B @) (5.18)
S, s, s, s,

The radiation condition (5.16) states that the left-hand side converges to 0 for r —
oo. Thus, the right-hand side also converges to 0, even though it contains two non-
negative terms.

The second calculation yields a statement about the term with an indefinite sign,
the integral of Im (0,u @). In fact, this term arises as a boundary integral when
testing the Helmholtz equation with the solution. We integrate over Q,. := QN B,.(0)
for r > R. In the integration by parts, there is no boundary term over 02 because
u (or d,u) vanishes there.

0:/ (—Au — w?u) ﬂ:/ {|Vu\2—w2|u|2}—/ O ut .
Qr Qr Sr

The volume integral is real. By forming the imaginary part of the equation, we get
/ Im (B @) = 0. (5.19)
Sr

So the last term in (5.18) vanishes. Since the left-hand side vanishes in the limit,
both non-negative integrals must vanish in the limit, in particular the sphere integral
of |u?. Theorem 5.1 yields u = 0 on R™\ Bg(0). O

For many exterior domains 2, the theorem actually yields v = 0 on 2. Since we
do not want to go into this question in depth here, we’ll use the following ad-hoc
definition, where “E” stands for “uniqueness”:

For A > 0, an exterior domain (2 is called an E-domain if the following
holds: Every solution of —Au = Au with u = 0 on every set R™\ Bg(0) C
Q) vanishes identically on €).

The definition is designed so that, for F-domains, our theorem yields © = 0 on (2.
The definition implies that every set of the form Q = R"\ Bx(0) is an E-domain.

The principle of unique continuation implies that every simply connected exterior
domain €2 is an F-domain.

The energy flux. An important quantity in the uniqueness proof was the energy
flux. For a direction v € R", |v| = 1, we consider the energy flux density

F,(z) :=Im (O,u(z) u(x)) . (5.20)
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For solutions u of the homogeneous equation, the total energy flux is the same
across all surfaces. More precisely: Let ¥ C () be a domain whose boundary consists
of two closed surfaces, 0% = I'y U 'y with a “inner” surface I'y C €2 and a disjoint
“outer” surface I'y C 2. Then, with the normal vector v, on I's (outer normal vector
of ¥) and the normal vector 14 on I'y (inner normal vector of X):

/ T (9,0 @) — / Im (B, u ) . (5.21)
Fz F1

The flux identity (5.21) is obtained by multiplying the equation —Au = Au by a,
integrating the result over X, integrating by parts, and then taking the imaginary
part.

This allows us to interpret the uniqueness proof as follows: The boundary condition
u = 0 on 0F2 implies that the energy flux through 02 vanishes. Because of (5.21), the
energy flux through each spherical shell S, must vanish. This is used for uniqueness,
see (5.19).

The scattering problem. For us, the most important solution of the Helmholtz
equation in the exterior domain is the fundamental solution in (5.3). There is an
even simpler type of solution in the whole space that we have not considered before,
namely plane waves. For a vector k € R" (the wave vector) we consider

u™(x) = e (5.22)

To obtain the physically relevant field, it is often sufficient to consider the real part,
i.e. Reu™(r) = cos(k-x). Because of Au™ = —|k|? u™, u™ is a solution of the
Helmholtz equation with A\ = w? if the magnitude of the wave vector is equal to the
temporal frequency, |k| = w.

The solution 4™ does not satisfy Sommerfeld’s radiation condition. The following
situation is physically relevant. An object, described by a bounded closed set ¥ C R3,
is “illuminated” or “insonified” by the wave u™™°. We can then ask ourselves which
parts of the irradiation are reflected or scattered to the side or whether there is a
shadow “behind the object”, i.e. a reduced field. This is the so-called scattering
problem.

Mathematically, it is easy to describe: We assume that on the exterior domain
Q) :=R3\ X, the entire field is given by a function u :  — C; this is a superposition
of the plane wave and an outgoing wave,

u = uinc + urad ’ U(l’) — eik-x 4 urad ) (523>

If the physical setting requires a Dirichlet boundary condition for u, we have to solve

the following system for u™ (we recall |k| = w):
~Au™ = u™ in Q, (5.24)
u™(z) = =T for x € 9%, (5.25)
u™(z) satisfies Sommerfeld’s radiation condition. (5.26)

For this system, we have obtained a uniqueness statement in Theorem 5.7. In the
next section, we will also prove its existence.
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5.3. Representation formulas and existence

While the previous considerations were dimension-independent, from now on we will
restrict ourselves to three spatial dimensions because we use the fundamental solution
(z,y) = e“l*=v /(4r|z —y|). We start from the representation formula on bounded
domains G. For any x € G, the following holds; see Exercise 5.4:

u(z) = . {10, u(y)® (7, y) — u(y)0,®(z,y)} dS(y)- (5.27)

In the following, we consider the fundamental solution ®(x,y) for a fixed x € 2
and for large |y| = r. The explicit expression for ®(z,y) can be approximated: we
use v = y/r and compute |z — y|*> = |y|* — 2z - y + O(1) and therefore, using the
Taylor formula, |z —y| = |y| — - v+ O(1/r). For the fundamental solution we get

iwlz—y| iwlyl , 1
° = [e—m” +0 <—>} . (5.28)
lz—yl |yl r

If V,, denotes the gradient in the variable y, then we get for the derivative
6iw|x7y\ . ez’w|:rfy| r—y 6iw|x7y\ T —y

v-Vy|l —— ] = —w v- — 5 Ve
|z —y| [z =yl |z -yl [z -yl fr—yl

iwly| )
= W [e“”” i) (1” . (5.29)
] r

In particular, we have also verified that the fundamental solution satisfies the classical
Sommerfeld condition in (5.14): |y| |0,®(x,y) — iwd(z,y)| — 0 for |y| =r — oo.

Existence in the exterior domain. We use the representation formulas to derive
an existence theorem. Recall that we introduced F-domains on page 32 and that
every simply connected exterior domain is an E-domain.

Theorem 5.9 (Existence in the exterior domain). Let Q C R® be an E-domain, let
w > 0, and let R > 0 be a radius with R* \ Br(0) C Q. Let f : Q — C belong
to L*(Q2) and have support in Br(0). Then there is a solution u : Q — C of the
Helmholtz equation —Au — w?u = f satisfying the boundary condition u = 0 on 09
and the radiation condition (5.16). For |z| > R, the solution has the representation

ulz) = / (0,u(y)®(x,y) — u(y)d,B(x,y)} dS(y). (5.30)
0BR(0)

Note: Another boundary condition (homogeneous Neumann condition or an in-
homogeneous condition) can be imposed on 2. The statement and proof remain
unchanged.

Proof. Step 1: Approzimate solutions. For a (large) radius r > R, consider solutions
ur = . — C on a bounded domain, namely on €, := QN B,(0). We look at the
problem

—Au, —u, =f inQ,, (5.31)
u =0 on 0f, (5.32)
Oy, = iwu, on 0B.(0). (5.33)
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For solvability: As a function space we use X = {u € HY(Q,)|u|opo = 0}, on
which we define a sesquilinear form by

a(u,v) :—/ Vu~V17—w2/ u@—i—iw/ uv. (5.34)
Q, Qr 2B,(0)

An element u € X is a solution of (5.31)-(5.33) if

a(u,v) = fo Yo e X. (5.35)

Qp

The problem (5.35) on the bounded open set 2, has the Fredholm property. This
can be shown as in Section 4.2; we explore this in Exercise 5.5. In the next steps of
the proof, we assume that these problems can be solved uniquely.

Assumption E: Existence. There is a subsequence r — oo such that the
problems (5.35) are uniquely solvable for all  in the sequence.

Step 2: FEstimates. In the following, spheres are denoted by S, := 9B,.(0). We
start by testing the equation with @,. Because of the Sommerfeld-like boundary
condition (5.33), we get

fur—/ (—Au, — w?u,) /{IVUT\Q w? u,[*} — /0urur

/{|Vu,,|2—w2|ur|} zw/ |, |2 .

The imaginary part of the volume integral on the right-hand side vanishes, so we get
the information
—w Mm [ fu,= [ |u)?. (5.36)
Q, Sy

Since f is supported in Bg(0), this identity shows that the values of u, on S, can be
estimated by the norm of w, in Bg(0).

We fix p > R for the remainder of the proof. For a sequence of solutions (u,),, we
consider the sequence of norms

1/2
NT = HUTHLQ(Bp(U)) = </ |uT]2) . (537)
B,(0)

We introduce a second assumption.

Assumption B: Boundedness. For every sequence r — oo for which solu-
tions wu, exist, the sequence N, is bounded.

Step 3: Convergences in €1,. We assume assumptions E and B, so we are given
a sequence of approximate solutions w,, for which w,|q, is bounded in L*(2,). We
choose a subsequence r — oo and a limit function u such that UT|QP — u weakly in
L*(Q,) as 1 — oo.
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Since these are solutions to Poisson problems, the convergence is automatically
better; the keyword is “Caccioppoli inequality”. We outline the argument: We
choose a smooth cut-off function 6 : Q@ — [0, 1] with support in €2, and with § =1
in a neighborhood of Qz. We test equation (5.31), i.e. —Au, —w?u, = f, with u, 0?
and get

|Vu, | 6% + 2/ 1,0 Vu, - VO = w? u,|* 0% + fu,6*. (5.38)

Q, Q, Q, Q,

The terms on the right-hand side are bounded. The second term on the left-hand
side is estimated using the Cauchy—Schwarz inequality and Young’s inequality:

1
< —/ ]Vur\292+0/ lu.|* VO]
2 Qp Qp

The first term of the right-hand side is absorbed into the left-hand side of (5.38). The
second term of the right-hand side is bounded. We therefore obtain an H' estimate
for the solution sequence on every reduced set (e.g. on Qr). We get the weak H!
and the strong L? convergence of the sequence (u,|q,), on Qg.

We can apply a similar argument again in a neighborhood of 0Br(0): For a smooth
cut-off function ¥ : Q@ — [0, 1] supported in a neighborhood of dBg(0), the new
function U, = u, ¢ satisfies the elliptic equation

AU, = (—w*u, — f) 9+ 2Vu, - VI + u, AV

2 / u,0 Vu, - VO
Q2

with zero boundary values. Since the right-hand side converges weakly in L%, U,
(and thus also u,.) converges weakly in H? in a neighborhood of Sk. This means that
the traces of the first derivatives on Sy also converge strongly in L?(Sg).

We summarize: On ©,, the functions u, converge weakly in L? to the limit function
u, which is therefore a distributional solution of the Helmholtz equation. On Qg, the
functions u, even converge weakly in H' to the limit function u, which is therefore
also a weak solution of the Helmholtz equation in Qr and satisfies the boundary
condition u = 0 on 9€2. On Sk, the traces of u, and of their first derivatives converge.

Step 4: Representation formula. We use the representation formula (5.27) for u,
in the bounded domain D, = B,(0) \ Bg(0). We first calculate the outer boundary
integral, i.e. the integral over S,. This integral is simplified because of the chosen
boundary condition 0,u, = iwu,.:

/ (O, (9) (. 9) — (1), D, y)} dS(y)
= [ ten o) - u e} dso)
_ / () {iwd(z, ) — 0,8(x,y)} dS(y).

The magnitude of the boundary integral on the left-hand side can therefore be esti-
mated by

1/2
| LS| < Jur|| L2, (/ liw®(x,y) — 9,8 (x,y)|* dS(y)) .
S,
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The factor [|u,||12(s,) is bounded because of (5.36) and the boundedness of the norm
N, (independent of 7). The second factor tends to 0 for every fixed x € Q as r — oo;
this follows from the explicit form of ® and the two expressions (5.28) and (5.29).
Basically, this is nothing more than the fact that y — ®(z,y) satisfies Sommerfeld’s
radiation condition; we refer to Exercise 5.6.

This preliminary consideration shows that we can pass to the limit » — oo in the
representation formula for the bounded domain. Recall that in an neighborhood of
0Bg, the functions are smooth, and derivatives of u, also converge. For arbitrary
x € D,, we write u,(z) with the fundamental solution and form the limit r — oo:

up(z) = ; {0,u, (y)®(x,y) — ur(y)0,P(x,y)} dS(y)
+ ; {0,u, (y)®(z,y) — ur(y)0,®(z,y)} dS(y)
=, {0,u(y)®(z,y) — u(y)d,®(z,y)} dS(y) =: u(x).

This yields a limit function w on the whole of Q. For |z| < p, u is the local limit of
u,; for |z| > R, w is given by the representation formula (5.30).

The representation formula for u shows that w is also a solution of the Helmholtz
equation in R?\ Bg(0), because z — ®(z,y) and z > 9,P(x,y) are solutions for
each fixed y.

Furthermore, u satisfies Sommerfeld’s radiation condition, because both ®(z,y)
and each derivative v - V,®(z,y), for bounded y and |z| — oo, satisfy the radiation
condition. This is to be proved in Exercise 5.7. Thus, under assumptions E and B,
we have found a solution u for the exterior domain problem. By the assumption on
the exterior domain, this solution is uniquely determined.

Step 5: Verification of Assumption B. Our goal is to derive a contradiction if we
assume that there is a sequence r — oo for which u, exists but N, — oo.

We fix the sequence r — oo with N, — oo. We normalize the solution sequence
and set @, := u,/N,. This sequence is a sequence of solutions to fr = f/N, = 0.
All considerations of steps 3 and 4 remain applicable to the sequence 1,, which is
bounded by construction. We obtain a limit function @ for the right-hand side f = 0.
By the assumption on €2, uniqueness holds, so @ = 0.

Recall that @, — @ is a strong L? convergence in Qz. We even found something
more: For every radius s € (R, p), strong L? convergence holds on ,. On the spher-
ical shell Q,\ Q= B,(0) \ Bs(0), strong L? convergence follows to the convergence
in the representation formula (pointwise convergence and boundedness).

This is the contradiction: On the one hand, the %, are normalized on B,(0); on
the other hand, they converge strongly to @ = 0 on B,(0).

Step 6: Assumption E. We assume that there is a sequence r — 00, so that along
this sequence the problems in the bounded open sets are not solvable. The Fredholm
property of the problems implies that we then find a sequence of solutions u, of
homogeneous problems (f = 0). We normalize the sequence so that |lu,|/z2(5,()) = 1
for all r. Steps 3 and 4 above are applicable to this sequence. They provide a
limit function u that solves the homogeneous problem and radiation condition on §2.
Because of the uniqueness, v must vanish. On the other hand, u, was normalized
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on B,(0) and converges strongly to u in L?(B,(0)), which follows as in step 5. This
yields the desired contradiction. O]

With Theorems 5.7 and 5.9, we have gained a satisfactory understanding of the
Helmholtz equation in the exterior domain: The Sommerfeld condition implies
uniqueness of solutions in any space dimension. There is a solution to the Som-
merfeld condition in three dimensions. The proof of the existence theorem works in
any dimension as soon as you have a fundamental solution.

The far field. Solutions can be characterized even more precisely: At a great dis-
tance, the solution is essentially given by its so-called far field. The corresponding
statement is of particular interest in the scattering problem.

Theorem 5.10 (Far field). Let Q C R? be an exterior domain with R*\ Br(0) C €.
Let u : Q — C be a solution of —Au — w?u = f, where f € L*(Q) has compact
support. Then u has the asymptotic behavior for x = r& and r — oo:

wwr
e

[Us(§) + O(1/7)] , (5.39)

u(z) =

where the far-field pattern us, : S* — C is given by

1
 Ar

U (§) /BB {@u(y) e Y 4u(y) iwr(y) - fe‘iwyf} dS(y) . (5.40)

Proof. We start from the representation formula (5.30) for the solution,

u(r) = - {0vu(y)®(z,y) — u(y)0,®(z,y)} dS(y) - (5.41)

Insertion of the asymptotics (5.28) and (5.29) yields the result. O

A large area of mathematical research deals with a central question, the inverse
problem. It is relevant in many applications, such as computed tomography.

Suppose that for a “obstacle” (a bounded set ¥ C R™), one knows, for

each direction k € 0B,(0) C R™ of an incident wave, the far field uy =

u®) 5771 =5 C of the corresponding radiating wave u™ from (5.24)—

(5.26). Can we reconstruct the obstacle ¥ from this information?

It turns out that this is a very difficult task. However, we will not deal further with
the corresponding methods here. You can modify the question a bit and consider
the equation —Au — w?bu = 0 on the whole of R™ for an incident wave, where we
use a positive coefficient b : R™ — R, which is supposed to be identical to 1 outside
a compact set. In this setting, a positive result is given in Theorem 10.5 in [2]: The

knowledge of u for all k uniquely determines the coefficient b.
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Exercises

Exercise 5.1 (Radially symmetric solutions in three dimensions). We consider z €
R3 and use r = |z|. Specify the ordinary differential equation satisfied by U if
u(z) = U(r) is a solution of the Helmholtz equation —Au = Au. Verify that

wr

e

u(z) = .

is a solution of the Helmholtz equation for A = w?.
Exercise 5.2 (Variation of constants). Show that for a matric A € R™™ and the

fundamental matriz S(t) = exp(—At) for solutions X of the ordinary differential
equation 0, X + A - X = F' the variation-of-constants formula

X(t) = S(t — o)X (to) + / t S(t — $)F(s)ds.

to

Exercise 5.3 (Fundamental solution). Show that

O(z) -
18 a fundamental solution of the Helmholtz equation in the sense that
(—A — w2)<1> = 50 .

Exercise 5.4 (Representation in the bounded domain). We consider a bounded
Lipschitz domain Q0 C R? and a solution u of the Helmholtz equation —Au = wu in
Q with the regularity u € C?(Q) N CY(Q). Show that with the fundamental solution

ezw|:c|

~ drfz]

q) eiwlx_y‘
(z,y) = m

the following representation formula holds for arbitrary x € Q:

u(z) = /a ). 9) ~ u()0, 0,1} dS().

where we understand the last normal derivative as a deriwative in the y variable.

Exercise 5.5 (Fredholm property). Establish the Fredholm alternative for problem
(5.35) on the bounded domain €.

Exercise 5.6 (Smallness of an integral). Show that in R3, for fived x € R® and for
the fundamental solution ®(z,y) := e“I*=vl/(4x|x — y|), show that the Sommerfeld
integral converges to zero as r — oQ:

[iwd(z,y) — 0,8 (x,y)* dS(y) = 0.
Sr
Exercise 5.7 (Sommerfeld condition for an integral). Consider R and the funda-
mental solution ®(x,y) := e“*=Y /(47|x —y|). A solution of the Helmholtz equation

is given by a representation formula: For two functions f, g : 0Br(0) — C, suppose
that, for each x € R\ Bg(0),

u(r) = ) {fw)e(z,y) — 9(y)0,2(z,y)} dS(y) .
Br
Show that u satisfies the Sommerfeld radiation condition.
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6. Floquet—Bloch transform

6.1. Transformation and its inverse

We are interested in the analysis of waveguides. The typical basic domain is 2 =
R x ¥, where 3 C R4 is the cross-section of the waveguide; it is always assumed to
be a bounded Lipschitz domain, and d > 2 is the dimension. Everything discussed
here also applies in one dimension: for d = 1, we consider 2 = R instead of 2 = Rx .
The target space of all functions here is always C, so we use L*(Q2) := L?*(Q,C) for
example. The target space C™ with m € N can also be considered; the theory can
then be applied to each component individually.

We only perform the Floquet—Bloch transform in the x; variable. We use the

following notation: For the Floquet parameter (the quasimomentum) we write o €
I := [—m,w]. The periodicity cell is W := (0,1) x X.

Definition of Floquet—Bloch transform

Definition 6.1 (Floquet—Bloch transform). The Floquet-Bloch transform is a
bounded linear mapping

Fep: L*(Q) = L*(W xI), uwa. (6.1)

For smooth functions u with compact support, the transform is defined by
Wz, o) = _Z (x4 Leg) e e, (6.2)
KGZ

for each x € W and o € I. The mapping Frp from (6.1) is defined as the continuous
extension of this mapping.

Lemma 6.2 (Well-definedness). The mapping (6.2) has a unique continuous ez-
tension to a bounded linear operator Fpp as in (6.1). The transformation Fgp
preserves the inner product, i.e. (Fpp(u), Fre(v))r2owxry = (u,v)r2@) for all
u,v € X = L*(Q); it is therefore an isometry.

Proof. The central observation is the following identity for arbitrary elements u, v €

C>(Q) C L*(Q):

(U, 0) 2w 1) // u(z, «) xa)dxda

1
(€2 //Z (x4 Ley)v(z + key) e P dg da
w

INAY/
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/ ZZéMu x+Llep)v (x—l—k:el)d

(€7 kel
/ Z (x+Llep)v x—l—Eel)dx—/ ut = (u,v)r2(q) - (6.3)
W e RXE

The transformation Fgg thus preserves the inner product and is therefore also norm-
preserving.

This property also implies that the extension Fgp is well defined on L*(2): An
arbitrary function v € L?*(€2) can be approximated by smooth functions with compact
support u; — u. The sequence (u;); is a Cauchy sequence in L?(f2), so the images
(i;); are a Cauchy sequence in L?*(W x I). Therefore, the images have a limit @
in this space (with the usual argument, this limit is independent of the choice of
sequence). This is how the mapping Frp : u — @ is defined. The extension also
preserves the inner product. O]

The inverse transform

Not only will we show that Fgg is invertible, we will even be able to describe the
inverse operator .7-"F_B1 . 4 — u with a simple formula.

Definition 6.3 (The inverse transformation). The inverse transformation is the
continuous linear operator

G:L*W x I)— L*(9Q), (6.4)

which maps a function @ € L*(W X I) to the function u = G(a), which is given for
almost all x € W and all k € Z by

u(z+kep) = \/% /Izl(:z:, B) e ds. (6.5)

Similar to Definition 6.1, it is not immediately clear whether the G operator is
well-defined. However, the situation is a little different: For the G operator, we can
actually specify the target function u : Q — C for all & € L*(W x I) — however, it is
not clear a priori that u € L*(Q).

Lemma 6.4 (G = Fpg3). The operator G from Definition 6.3 is well-defined, is a
norm-preserving isomorphism, and is an inverse operator of Frg.

Proof. Step 1: The central calculation. Consider a smooth function with compact
support u € C*() C L*(2) and the transformed @ = Fpp(u) from (6.2). We
calculate, for any z € W and any k € Z:

gu)(x +ke) = \/%/IQ(I7 ) ek 43 = 27T/IZ w(z + Cer) e 8 4

Lel

:Zékg wxz+Lley) =u(x+key).

LET

So the (6.5) transformation actually restores the original function. This proves G o
Frp(u) = u, at least for smooth functions w.
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Step 2: The image of Frpp. The proof is not yet complete: From what we have
shown so far, the image Frp(L?(Q)) could still be a proper subspace of L*(W x I).
Then G could be a left inverse, but not a right inverse. In addition, G could then
not be well defined on the whole of L?*(W x I) (because the image elements are not
in L2(€2)). This illustrates that it would be helpful to know that Frp is surjective,

Fep(L*(Q)) = L2 (W x I). (6.6)

To show (6.6), we first show that the image Frp(L*(€2)) is at least close to L?(W x
I). According to Lebesgue’s theory, functions of the form u(x, o) = ¥ (x)f(«) span a
dense subspace for ¢» € C°(W) and 6 : I — C. We now also use the theory of Fourier
series, which states that every smooth function 6 : I — C can be approximated with
linear combinations of functions e=#® in L2(I). Therefore, the functions i(z,a) =

Y(z)e ™ for ¢ : W — C smooth and ¢ € Z span a dense subspace.

It is therefore sufficient to find a preimage for a function 4(z, a) = \/%w(x)e*im.

We find it with the formula (6.5) for G,
1 . .
ot ker) = oo [ (o) e = v(w) b
T J1

In fact, this function u, which is supported in the segment [¢,¢ + 1] x X, satisfies
Fon(u)(x, 8) = iz, §).

This shows that the image Frp(L*(Q2)) is close to L?*(W x I). Now let 4; — @ be a
convergent sequence of image elements, i.e. u; = Fpp(u;). Because of the isometric
property of Frp, (u;); is also a Cauchy sequence. Thus, u; — u for some u € L*(2)
and, because of the continuity of Frp, also Frp(u) = . This is shown by (6.6).

Step 3: The properties of G. We now find all the desired properties. The mapping
Frp is injective because it is an isometry, and because of (6.6) it is also surjective.
As a bijective linear continuous mapping between Banach spaces, it has an inverse
Fop 1 L2(W x I) — L*(Q).

In step 2, we saw that the G operator is well-defined on a dense subset of L2(W xI).
Image elements & = Fpp(u) in this dense subset are mapped to u; since Fpp is norm-
preserving, G : 4 — u is also norm-preserving (on the dense subset). So G can be
extended to a continuous operator on the whole of L*(W x I).

The relation G o Frp(u) = u for smooth functions w is transferred to all functions
u € L*(Q) because of the continuity of both operators. Therefore, G is left inverse
to Frg. However, the left inverse of an invertible operator is always its inverse, so

Fra =G. O
We summarize the results in a theorem.

Theorem 6.5 (Inverse Floquet-Bloch transform). The mapping Frp : L*(Q) —
LA(W x I) from (6.2) is a unitary isomorphism; its inverse is given by (6.5).

6.2. Quasiperiodic functions and extensions

We'll use the same notations as above, specifically I = [—7, 7], @ = R x ¥, and
W = (0,1) x X for the unit cell.
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Definition 6.6 (Quasiperiodic functions). Let o € I. We call o the quasimomen-
tum. We call a mapping u : Q — C a-quasiperiodic (in the direction of e; with the
unit cell W = (0,1) x X) if, for almost every x € €,

u(z +e1) = e u(x). (6.7)

Conversely, for any function u € L?*(W), we can define the o quasiperiodic con-
tinuation of u. We use the following for (almost) every x € W and every ¢ € Z:

(x4 Ler) == e u(z). (6.8)

The function @ is quasiperiodic on 2. However, this function generally has jumps on
all surfaces I'y = {x € Q| z; = k} with k € Z. This is not what we want to see later,
but since the function here only has the regularity u € L2 (), we have no traces
and therefore cannot speak of jumps at all.

Remark 6.7 (Images of the Floquet—Bloch transform). We observe the following:
If we evaluate formula (6.2) for arbitrary x € §, we get an a-quasiperiodic function

(-, a) : Q — C for each a:

Z (x+e +Llep)e” ta
V2T i

’LAL([E + €1, )

i(k—1)a

u(x +key) =z, ).

- AL

In particular, whenever these trace values can be spoken of at all, we expect that
u(l,) = e u(0,-) will be used as functions on .

Remark 6.8 (Simplified inverse transform). Let u € L*(Q2) and 4 = Fpp(u). For
fized o € I, consider the function u(-, &) as an a-quasiperiodic function on the whole
of Q; we achieve this by continuing @ with the rule 4(x + ke, ) = a(x, a)e*® for
each k € Z and x € W.

For this extension, formula (6.5) for the inverse becomes, for anyy =x+ke; € Q
with x € W,

1 N
u(y) == E/Iu(y,a) do. (6.9)

Derivatives of u. Functions in L? do not have traces, so a-quasiperiodicity needs
to be defined as above. However, if we look at v € H'(WW), we can evaluate the
boundary values in terms of traces; with = (x, Z) we write u(1,-) : ¥ — C for the
trace on the right boundary and w(0,-) : 3 — C for the trace on the left boundary.
This allows us to define a-quasiperiodic functions as such v € H'(W) with

v(1,-) = e v(0,). (6.10)

We define the space HL(W) as the subspace of H'(W), which consists of a-
quasiperiodic functions.

Let us now investigate whether we can also consider the Floquet-Bloch transform
on other function spaces. A direct consequence of the definition of (6.2) is that the
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transformation respects derivatives: For each direction 7 < n and each u € H'(Q),
we have

FFB(ajU) = 8j (.FFBU) .

This implies that we can also think of Frp as
Frp: H'(Q) = L*(I, H'(W)) ={h € L*(W x I)|V,h € L*(W x I)} . (6.11)

As we have already seen, the definition of @ in (6.2) is actually such that for
each o € I, the formula of the Floquet-Bloch transform yields an a-quasiperiodic
function. For continuous functions u with compact support, we can write this in
the form of boundary conditions as in (6.10). Because of the continuity of Frp
in the sense of (6.11), this formula extends to v € H'(Q); the image 4(-, ) is an
a-quasiperiodic function for almost every o € I.

Therefore, Frp is a mapping of H'(Q) into the space

2 1 2 1 u(-, o) is a-quasiperiodic
L (I’ H‘“(W)) = {u €L (I’H <W)) fo(r alinost all « } '

About the notation: The target space H'(1W) depends on the parameter o € I,
so L? (] ,H o{(W)) is not a classical Bochner space. However, the space is a closed
subspace of the Bochner space L2 (] ,H 1(VV)); we equip it with the standard norm
and inner product of this ambient space.

The Fpp : H'(Q) — L*(I, HL(W)) operator can be inverted, just like its L?
counterpart. The inverse is the operator Fyp : L*(I, HX(W)) — H'(Q), which is
again given by the formula (6.5). We note: For & € L*(1, H(W)), for almost every
a € I, the function (-, ) is a-quasiperiodic on W. We identify this function with
an a-quasiperiodic function on  that belongs locally to H' (with no jumps on the
surfaces {x1 € Z}). The simplified inverse transform from (6.9) shows that u then
also belongs locally to H!.

Exercises

Exercise 6.1 (Floquet-Bloch formula for L? functions). First show, using an ap-
prozimation argument, that formula (6.2) for the Floguet—Bloch transform is valid
for all L*(Q) functions with bounded support.

Show that formula (6.2) is valid for all w € L*(Y), if on the right-hand side the

sum 1is interpreted as the convergence of the partial sums in L*(W).

Exercise 6.2 (Floquet-Bloch transform for concrete functions). We always look at
the Flogquet—Bloch transform Fgp of the script, especially the transformation only in
the variable 1. Calculate Frp(u) for:

(a) u : R x (0,h) = C, u(xz) = ¢(x)1o1)(z1), where 14 is the characteristic
function of the set A and v € L*(W) is a function on W = (0,1) x (0, h).

(b) u:Rx(0,h) = C, u(z + ker) == ¢(x)e™ 1 _p1)(k) forz € W and k € Z,
where w € R is a frequency, L € N and ¢ € L*(W) for W = (0,1) x (0, h).
What is the behavior for large L?
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(c) u:R =R, u(x):=sin(wr)1_p)(r) for aw e R and an L € N.

Exercise 6.3 (Floquet-Bloch transform of a product). In the usual setting, let u €
L*(Q) and let b: Q — R be a bounded function that is 1-periodic in x1. Show that

Frp(bu) = b Fpp(u), also  Fpp(bu)(z,a) = b(x) u(x, «)

for almost all (x,a) € W x I.
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Our goal is to investigate elliptic operators in a waveguide 2 = Rx X, where ¥ ¢ R?!

is a bounded Lipschitz domain. Let the coefficients a,b : 2 — R, both of which are

periodic in the direction of z; € R, i.e. a(x + e1) = a(zx) and b(z + e1) = b(x)

for almost all x € Q. Furthermore, assume that both coefficients are bounded and

positive: There exists v > 0 such that v < a(z),b(z) < 1/ for almost every z € €.
We are interested in the Helmholtz problem

—V .- (aVu) = Abu=f. (7.1)

From now on we will always impose the boundary condition u = 0 on R x 9%; but
it is no problem to prescribe other conditions here. For f : & — C, solutions are
functions u : €2 — C. The parameter A € R is the spectral parameter.

We always understand (7.1) as a local equation in weak form. That is, we seek a
function u : © — C that belongs to H' on every bounded set, has zero boundary
values on R x 9% in the sense of traces, and satisfies, for each function ¢ € Hj(Q)
with bounded support,

/Q{aVu-Vgo—)\buap}:/Qfgp. (7.2)

7.1. Quasiperiodic problems

Instead of the problem (7.1) on the unbounded domain, consider problems on the
bounded domain W. The right-hand side f, will have the form f, = f(-,@) in our
application.

Definition 7.1 (The quasiperiodic problem). For fized o € I and a given right-hand
side f, € L*(W), we seek an a-quasiperiodic solution i, of the elliptic equation in
(7.1) on the cell W, where we impose Dirichlet conditions on (0,1) x 03. More
precisely, the weak formulation is to find

o € X = {lo € H(W)|ls =0 on (0,1) x 95} ,
such that, for all p € X,
| 0@) Via(@) - Vo) = Ab@) () 90} do = [ Fulw)pla)dn. (1)
W w
Remark 7.2 (Extension of solutions). Let i, be a solution of the a-quasiperiodic
problem with right-hand side f,. We identify the two functions with their -

quasiperiodic extensions. Then, in the distributional sense, the extensions solve
equation (7.1) on the whole of ), especially across the interfaces with integer x.
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Proof. We consider a smooth test function ¢ : (1/2,3/2) x ¥ — C; in particular, we
allow the test function not to vanish at an interface. We want to prove that

/Q{avaa.vzp—Abaazp}:/Qfaw. (7.4)

We are introducing a new function. We set ¢ : W — C, ¢)(x) := o(z) for 23 > 1/2
and ¥ (z) 1= ¥ (x+e1)e ™ for z; < 1/2. Then ¢ on W is an a-quasiperiodic function.
We now look at the first term in the equation:

/aVﬁa-V@b:/ anLa~V1D+/ a Vi - Vi
Q w e1+W

:/ avaa~vw+/ ea Vi - V(- + e;)
w

w

:/ avaa-vz/?+/ aViig - Vi
Wn{z1>1/2} Wn{z1<1/2}

:/avaa~w.
w

The other integrals are translated in the same way. Equation (7.4) then follows from
equation (7.3). O

Lemma 7.3 (Equivalent equation with Floquet-Bloch I). Let u € L*(I, H:(W)) be
such that @, = u(-, ) is a weak solution to the quasz’periodz’c problem for almost
all « € I. Then the function u := Feg(a) = (2m)~Y2 [La(-, ) do is an element of
H}(Q) and a weak solution of (7.1).

Proof. We have already seen in the last section that the inverse-transformed function
u = Fpp (@) belongs to HY(2). We now consider any test function ¢ € H}(S), for
which we want to prove (7.2). To do this, we use the ¢(-, ) test function in (7.3)
and integrate it over a € I. We obtain

// 2) Vi(z,a) - Vp(z, a) — Ab(z) a(x, a)m} dx do

// flz,a) @z, a)de da. (7.5)

We have Fpg () = u, Fpg(a@) = au for the product, and also Fpg(a Vi) = aVu
for the product with a gradient; see Exercise 6.3. We now read the terms in (7.5)
as inner products of functions in L?(W x I). The unitarity of the Floquet—Bloch
transform allows it to be written as L?(Q)-inner products of the inverse-transformed
functions. Thus, (7.5) actually yields (7.2), the weak form of the initial equation
(7.1) for w. O

Lemma 7.4 (Equivalent equation with Floquet-Bloch II). Let u € H}(Q) be a weak
solution of (7.1). Then the Floguet-Bloch transform u = Fpp(u) is an element of
L*(I,HL(W)); in particular, 0(-,a)) € HL(W) for almost all « € I. The functions
u(-, ) are weak solutions of (7.3) for almost all o € I.

48



Ben Schweizer

Proof. Let u € H () be a weak solution of (7.1) and 4 := Frp(u). We have already
shown that @ € L*(I, H.(W)). We choose any function ¢ € H'(WW) that is periodic
in z1. Then the ¢(x)e’** function is an element of HL(WW). Furthermore, we choose
a number m € Z.

Now we construct a suitable test function for u. We define ¢ € H}(Q) as the
inverse Floquet-Bloch transform of the function ¢(x, @) := 1) (x)e’*(™*+21) The weak
form of (7.1) yields

/Q {a(x) Vu(z) - VW — Ab(x) u(z) W} dr = /Qf(x) Wda:. (7.6)

Due to the unitarity of the Floquet-Bloch transform, we can replace integrals over
2 with integrals over W x [ if we replace functions with their Floquet-Bloch trans-
forms. The periodic functions a and b as factors remain unchanged during the
transformation. We get exactly the relation (7.5). According to our construction,
we set p(z, a) = (x)e’*™+®1) and can write the relation in the following form:

/{/ {a(@)Vi(z, ) - V(ip(z)e @) — Xb(x) iz, o) (x)eio } dx} e—imar o,

/[/ f T, Q) e“””l de| e ™ da .

In this formula, m is arbitrary. Thus, all Fourier coefficients of the two terms in
square brackets agree. It follows that the expressions in the square brackets match for
almost all a € I. This is just (7.3), because ¥ (z)e’*”! is an arbitrary a-quasiperiodic
test function. O

Loosely speaking, we have obtained:

Solving the problem on Q with u € H!(Q) is equivalent to solving a
quasiperiodic problem on W for (almost) all « € I.

The spectrum of the quasiperiodic problem

Lemma 7.5 (Properties of the quasiperiodic problem). In the following, not only
the domain W, the coefficients a and b, but also a are fixed. The quasiperiodic
problem has a discrete spectrum of eigenvalues in the following sense: There is a
nondecreasing sequence (A )nen of non-negative real numbers with A, — oo as n —
oo. With A :={\,|n € N}, the following statements hold:

1. For each A € A, The quasiperiodic problem has a unique solution u, for each
right-hand side f, € L*(W), and the estimate el 2wy < C’||fa||L2 wy with
C = C(\, ) independent of the right-hand side.

2. For every \ € A, the quasiperiodic homogeneous problem (right-hand side fa =
0) has a nontrivial solution. The solution space of the homogeneous problem is
finite-dimensional. There is a complete orthonormal system of eigenfunctions.

Proof. This follows from the spectral theorem for compact self-adjoint operators.
The reformulation in terms of operators was discussed in Section 4.1. The compact
operator is defined with Lax-Milgram on the Hilbert space X C HL(W). For this,
look at the description (7.3). O
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Lemma 7.6 (Resolvent estimate). An improved statement can be made about the
constant C = C(\, ) from Lemma 7.5. With the eigenvalues A\, = A\, we define the
distance to the spectrum for A € C as

p:=min{|\A — \,||n € N} .
Then there is a Cy = Cy(a,b), independent of o and A, so that

C\ a) < @. (7.7)
p
Proof. The estimate follows from the spectral theorem: Let (¢,), be the (or-
thonormal) eigenfunctions corresponding to the eigenvalues (\,)nen of the operator
—V - (aV) with the mass operator b. In doing so, we repeat the eigenvalue A, ac-
cording according to its multiplicity. We can expand the solution and the right-hand
side (with a bounded prefactor) in this basis:

u(w) =3 ctpn(s) and T;ﬂmzzdn%(w).

n

The equation is satisfied if and only if (A, — A)¢, = d,, for all n € N. Since eigen-
functions are orthonormal,

2

d,, 1 C?
lulzan = 2 lenl® = 2|5 25| = 5 2l = 5 s
This yields (7.7), the resolvent estimate for solutions. O

The next two lemmata use the characterization of eigenvalues with Courant-
Fischer’s minimax principle. We consider two Hilbert spaces X C X, (we think
of X = H' and X, = L?) and the operator given by a positively definite sesquilinear
form ® : X x X — C. Then the k-th eigenvalue (with respect to the X, mass
operator) is given by

P

A\p = sup o;ian H(qﬂéu)
u

dimPk Xo

(7.8)
We do not use the proof here, because the characterization (7.8) basically expresses
exactly what we did in the proof of the spectral theorem 2.8.

Lemma 7.7 (Lipschitz-continuous dependence of eigenvalues). Let k € N. For the
k-th eigenvalue of the quasiperiodic problems, the mapping

Isa— A eR (7.9)
1s Lipschitz continuous.

Proof. We formulate the a-quasiperiodic problems with the a-independent space
X = H!, (W)n{ulu = 0on (0,1) x 9L} and the family of sesquilinear forms

per

D, X x X = C,

D, (u,p) = /W a(x)(V +iae))u - (V +iaer)p.
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The sesquilinear forms depend Lipschitz-continuously on a: For a constant C' that
is independent of o and 3, we have

|Pa(u, ) = Pp(u, )| < Cla— B |Jullx [lellx -

In this proof, we exploit the Dirichlet boundary conditions; these imply that the
forms @, are uniformly coercive on X. For other boundary conditions, one must
make the forms coercive by adding the term fW bup.

Application of the min—-maz principle. The min—max principle (7.8) characterizes
eigenvalues by

o
Ay = sup inf M
b T lealze oy

In doing so, we again equip L?(W) with the inner product with the factor b.

We now look at two points «, 5 € I. We choose the space F' in such a way
that A is realized in it. From now on, the finite-dimensional subspace F' is fixed.
We now use, in turn, (i) the formula for Ay with F as the comparison space. (ii)
The solvability of the said infimum problem with a solution v € X (existence as in
the spectral theorem). We note that the solution satisfies ||v[|% < C’1||v||L2(W) with
Cy = Cy(F). To show this, we choose 0 # vy L F arbitrarily with |lvg|[r2wy = 1
and estimate the H' norm for any v with ||[v][p2y = 1: |Jo[[k% < C(a, E)Pa(v,v) <
C(a, )Py (vg,v9) =: C1(F). (iii) The estimate for the difference of forms. (iv) The
X-estimate for the minimizer v. (v) The characterization of A{ with the space F:

Pp(u,u) _ Ps(v,v)

X, > inf =
S R T [ ]
> (I)Oé(vvv) —C| _6| ||v||X
ol [[vlZ2 00y ||L2(W
)
> o (2B} nea g
0£ulF HuHLQ(W)
= M —-CCila—0|.

Since a and § were arbitrary and the constants are independent of their choice, this
yields the claimed Lipschitz dependence. O

For any fixed o € I, A\ — oo as n — oo; this follows from the spectral theorem.
However, we need a quantitative version of this statement later, where the divergence

is independent of a. The following lemma yields this.

Lemma 7.8 (Number of eigenvalues in a fixed interval). We consider the quasiperi-
odic problem from Definition 7.1. Then the following holds:

VA, >03NeNVaeTl: Ay >\. (7.10)

So for each o there are at most N eigenvalues that are smaller than ..
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Proof. Step 1: Compactness. We use the compactness of the H!(W) C L?*(W) em-
bedding. First, we choose finite-dimensional subspaces F; C HL(W), whose union is
dense. We demand dim(F}) = j and F; C Fj4;. Compactness implies the following:

Ve >0dN e N: ul Fy= ||u||L2(W) < 5||UHH1(W) Yu € Hé(W) . (711)

In this proof, we consider the space L*(W) with the norm induced by the b coefficient.

Claim (7.11) follows from a simple contradiction argument. We assume that,
for some fixed ¢ > 0, there are functions uy L Fy such that 1 = |juyn|r2w) >
ellun || g1 (wy. Compactness allows us to find a subsequence and a limit u with uy — u
in L?(W). For all ¢ € F; we have (u, ¢) = limy(uy, ¢) = 0 and therefore, by density,
u = 0. This contradicts the strong convergence and normalization.

Step 2: Coercivity. We now have to exploit a coercivity property of the sesquilinear
form. The form

U (u, o) = /Wa(:v) Vu(z) - Vo(x) dx (7.12)

from (7.3) satisfies with constants ¢, C' > 0 (independent of a) the estimate’
o (u,u) > CH“H%{l(W) - CHUH%Q(W) . (7.13)

We now choose € > 0 so small that both ¢/(2¢%) > A, and *C < ¢/2 are satisfied.
Then we can calculate for each v L Fly:

c
o (u,u) = ellulffpw) = Cllulizm) 2 (¢ = Oulliw) 2 5wl w) -

Step 3: Minimaz principle. The Courant-Fischer characterization (7.8) of eigen-
values now completes the proof. For the subspace Fl, we have

W, (u,u c

inf Yoluu) -

U, (u,
5 inf (u, u) >
ul Fn ||u||L2(W)

—_— > A
ulfy El|ullfr gy — 262 T

Since the eigenvalue A% can be characterized as the supremum over all N-dimensional
subspaces F', A%, is greater than the above expression, i.e. greater than (or equal to)
Ai. This was the claim. O

7.2. Spectral statements for the waveguide

We will refrain from describing the problem with operators here. Instead, we use the
following definition for the problem on the unbounded domain €.

Definition 7.9 (Spectrum of the problem). We say that A\ € C lies in the resolvent
set if, for every f € L*(Q), equation (7.1) has a solution v € L*(Q) that is locally of
class H'; in addition, for a constant C = C(X), the estimate |[ul|r2@) < C||f]lr2@
holds.

We say that A € C is in the spectrum if A is not in the resolvent set.

1For homogeneous Dirichlet boundary conditions, this estimate is obtained with Poincaré even
with C' = 0. But we want to show here that the proof only needs the weaker estimate.

52



Ben Schweizer

We note the following fact from the theory of partial differential equations: As
a weak solution of an elliptic equation, u is always locally also of the class H!
(Caccioppoli inequality). An estimate |[u||r2(q) < C|| f]|12(q) therefore always implies
the apparently stronger estimate ||u|| 1) < C'|| fl|L2(q)-

Remark 7.10 (Spectrum is real and positive). The spectrum is a subset of [0, 00) C
C. In fact, for any A € C\ [0,00), the problem (7.1) can be solved with the Laz-
Milgram theorem.

Lemma 7.11 (Constant coefficients). For constant coefficient functions a(-) = ay
and b(-) = by, the spectrum is the entire interval [0, 00).

Proof. Consider the function u(x) = 1. We apply the elliptic operator and find
~V - (aVu) — Abu = —aoV - (iwuey) — Abpu = agw?u — Abgu = 0

for w = \/Aby/ap. This shows that for every A > 0 there is a nontrivial solution of
the equation for f = 0.

The proof would thus be complete if the solution u found belonged in the func-
tion space L?*(€2). This is not the case. One therefore also speaks of a generalized
eigenfunction.

Nevertheless, the proof can easily be completed using the above function u. For
each number R € N we consider the cut-off function ¥5 : R — [0, 1] with Jg(z) =1
for |z| < R and Jg(x) = 0 for |x| > R+ 1, in the two intervals (—R — 1,—R) and
(R, R + 1) we choose an interpolation so that ¥z € C?(R). We choose the same
interpolation in the transition intervals for each R.

For the generalized eigenfunction u, we now look at the new functions vg := u Vg :
Q — C, ie. vg(z) = u(x)Ir(x1), from above. The squared norms HURH%Q(Q) grow
like R as R — oco. But if we apply the operator to vg, we get

fr:==V-(aVug) — Abvg = —2aoVVUg - Vu — ag(AJg) u.

Since the functions Vi and Avg are supported in only two unit intervals, the
L*(Q2) norm of the right-hand sides fg is bounded. So there can be no estimate for
solutions. [

In the proof of Lemma 7.11, we have already used a central tool: The existence of
generalized eigenfunctions usually implies that A is a spectral value.

Theorem 7.12 (Characterization of the spectrum). Consider problem (7.1) on the
domain 2, with coefficients a and b and the boundary conditions described there.
Then the following characterization of the spectrum holds: A wvalue A € [0,00) is in
the spectrum of the problem if and only if there is an o € I such that

A is an eigenvalue of the a-quasiperiodic problem on W . (7.14)

Proof. Step 1: FEigenvalues of a quasiperiodic problem are in the spectrum. This is
the simpler part of the statement. If A is an eigenvalue of an a-quasiperiodic problem
on W, the corresponding eigenfunction extends to an a-quasiperiodic solution on §2.
This function is not in L*(Q), so it is a generalized eigenfunction.
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By considering truncated versions of this function as in the proof of Lemma 7.11,
we get that there can be no estimates for solutions. Therefore, A must be a spectral
value of the problem.

Step 2: All spectral values are eigenvalues of a quasiperiodic problem. We prove
the contrapositive, i.e. assume that A is not an eigenvalue of the a-quasiperiodic
problem for any a. We want to show that A\ is also not a spectral value of the
problem. To do this, we have to look at any f € L*(Q2). If we can solve the equation
with u € HY(Q), including estimates, we have proven the statement.

For this part of the proof, we need the Floquet—Bloch transform. To the function
f e L2(Q), we apply the Floquet-Bloch transform and get the function f = f(z, a)
from the class f € L?*(W x I). For each a, we now consider the a-quasiperiodic
problem with the right-hand side f(-,a) and the solution @(-,a). The Floquet—
Bloch inverse transform yields u € L*(2). This means that the proof is complete if
we can show:

The solution operators are f(-,a) — (-, @) (7.15)
bounded, independently of the parameter o € I. '

In fact, both & € L*(W x I) and the corresponding estimate |G| 2wxn <

C'Hf||L2(WX1) = C|fllr2() follow from (7.15). By the isometric property of Fyg,
we also have [|ul|z2) < O f|l 2.

The function u is the solution of the equation (7.1) according to Lemma 7.3. This
shows the solvability and the estimate; A is not a spectral value.

Step 3: Verification of (7.15). We use the resolvent estimate (7.7) from Lemma
7.6. The eigenvalues A\, («) depend continuously on « according to Lemma 7.7. The
interval I = [—m, 7] is compact, so for each n there exists a distance 6 = d(n) > 0,
SO

A=\ ()] >0 forall € 1.

Due to Lemma 7.8, we only need to consider a finite number of functions a — A, («).
We therefore receive (7.15). O

Exercises

Exercise 7.1 (An elliptic problem with periodic boundary condition). We want to
solve the following problem: —Au = f in W = (0,1) x ¥ with Dirichlet boundary
conditions on (0,1) x 0¥ and periodic boundary conditions for 1 = 0 and x; = 1.
Why is it not enough to impose u(1,-) = u(0,-)?

A good weak formulation is as follows: For the space

X ={ue HW)|u(l,-) =u(0,-), u=0 on (0,1) x 0%}

we are looking for u € X with the property

/Vu-V@z/fg& Vo e X.
W w

What boundary conditions at x1 = 0 and x1 = 1 have we encoded with it?
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Figure 7.1.: A typical plot of dispersion curves, taken from [4]. The parameter k
corresponds to our «a, up to a factor of approximately 10, because the periodicity in
this application is not 1. Our theory considers only the central region; in the plot,
this region is continued periodically to the left and right. The vertical axis shows
the frequency, i.e. the functions a — w, = \/E for the first three eigenvalues,
n € {1,2,3}. For the periodic problem, we see that the range from 0 to about 20
lies outside the spectrum, followed by a spectral gap around 40 and another spectral
gap below 80. The diagonal behavior can be interpreted as follows: For large k,
the eigenfunctions behave like e**: hence, the eigenvalues satisfy A ~ c2k? and the
frequencies satisfy w ~ c|k|.

Exercise 7.2 (An elliptic problem with quasiperiodic boundary condition). We want
to solve the problem —Au = f again on W = (0,1) x 3 with Dirichlet boundary
conditions on (0,1) x 0X. This time, the solution u : W — C should have the
property that if we continue uw and f for a fivred a € I to a-quasiperiodic functions
on €, the equation should hold: —Awu = f on all of Q. What conditions do we want
to satisfy at xt1 =0 and x1 =17

We are looking for the solution in the form u(x) = v(z)e®® for a new function
v: W — C. Specify a weak equation for v.

Exercise 7.3 (Spectrum of the quasiperiodic problem). Outline the proof of Lemma
7.5 in a little more detail than given there.

Exercise 7.4 (Spectrum real and positive). Prove Remark 7.10. Use the complex
Lax—Milgram theorem.

Exercise 7.5 (Dispersion curves for constant coefficients). In the one-dimensional
case, calculate all dispersion curves for constant coefficients, a = ag > 0 and b =
bo > 0. Take advantage of the fact that all eigenfunctions are of the form u(x) = 2.
Argue why a periodic plot like the one in Figure 7.1 actually emerges.

Exercise 7.6 (Opening of a spectral gap). We consider the one-dimensional case
with a = 1. The spectral problem is somewhat different here than in the lecture; we
consider

[—02 + 2 cos(27z) | u = Aw.

The operator is 1-periodic, so using Floquet—Bloch theory, we can translate the prob-
lem into a family of problems on W = (0, 1) with parameter o € I = [—m, 7|. If one
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translates the a-quasiperiodic problems into the space of 1-periodic functions, then
one must consider the following family of operators:

L. = —(0, +ia)* + 2e cos(27z) .

The operators L. act on 1-periodic functions v € H} (W).

per
Find all eigenfunctions of L. for ¢ = 0. For a = m, show that the eigenvalue

\ = 72 has multiplicity two and specify two eigenfunctions.
We are now looking for eigenfunctions of L. for e > 0. We write the (periodic)
eigenfunction u as a Fourier series,

u(z) = Z ¢, €2

nez
Show that u is an eigenfunction corresponding to A > 0 if and only if, for alln € Z,
((27m +a)? — )\)cn +e(ch1+cng1) =0.
Near the intersection point o = 7 and A\ = w2, the two resonant modes ey(z) = 1

and e_1(z) = e dominate. Neglecting all other Fourier coefficients, the reduced
system (n =0 and n = —1 only) is obtained as an approzimation.:

72—\ € @) _g
€ =X \ey)

Calculate eigenvalues for € > 0. What spectral gap do we expect based on this ap-
proximation?

26



8. Radiation problem in waveguides

We now want to go beyond the spectral statements, so to speak: We consider a A
from the spectrum and still want to solve equation (7.1). This seems impossible, be-
cause, roughly speaking, there are solutions with right-hand side f = 0. If, however,
we impose an additional condition on solutions, we may be able to restore unique
solvability. We will succeed in this: We have to supplement the (7.1) problem with
suitable radiation conditions.

We present here an approach that was developed by Andreas Kirsch with various
co-authors, see [5, 6], among others; our presentation is quite close to [7]. There is
an earlier proof for most of the results by different methods, see [3]. We note that a
proof that uses neither complex plane methods nor Floquet-Bloch transform is given
in [13].

Notation changes compared to [7] are: k* becomes A, n becomes b, the Laplace
operator is generalized to V - aV. The width of the unit cell was 27, it is 1 for us.
Accordingly, the boundaries of I are no longer £1/2, but +.

8.1. Families of operators

Definition 8.1 (C! families of operators). Let X be a Banach space and I = [—, 7.
We say that (Ly)o is a C' family of operators if a € > 0 exists and a C' mapping

I, =(—nmn—¢,m+e)2a— L, € L(X,X), (8.1)

such that for any o € I, the operator L, is a Fredholm operator with indez 0.
We say that (La)s is a regular C! family of operators if the following conditions
are also satisfied for each o € I with N :=ker(L,) # {0}:

(i) The operator L, has Riesz number 1, i.e. N :=ker(L,) = ker(L2). We then
use the range R := Lo(X) C X and the decomposition X = N & R with the
corresponding projection P on N

(ii) The operator
M = 0.PLo|y : N = N (8.2)

18 invertible.

Remarks. 1. We require that every operator L, is a Fredholm operator with index
0. This implies that for each « and L = L, the subspace N := ker(L) is finite-
dimensional and the subspace R := L(X) is closed and has finite codimension; the
latter agrees with the dimension of A/, since the index is equal to 0.

2. The condition ker(L) = ker(L?) implies that N'N R = {0}. Therefore, the
decomposition into a direct sum, X = N @ R, exists. In fact, for u € N NR, we
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have w = Lz and Lu = 0, i.e. L?x = 0 and thus, according to assumption, also
Lr =0,ie. u=0.

3. If X is a Hilbert space with inner product (-,-)x and L self-adjoint, then
L always has the Riesz number 1. In fact, L2z = 0 implies that (Lz, Lz)x =
(L?z,x)x =0, so also Lz = 0.

4. The essential condition in the above definition is (8.2). This is a kind of
transversality condition. Very lax wording (for one-dimensional N'): In «, a certain
function is zero, but the derivative of the function is not equal to zero.

A central result is recorded in the following abstract theorem. We allow J = 0
in the following theorem, in this case A is the empty set. The parameter ¢ > 0 is
chosen as in the definition above.

Theorem 8.2 (Families of operator equations). Let (Ly)s be a regular C* family of
operators. Then the following two statements hold.

(1) Critical values. The set of critical values is finite: There exist a number J €
N={0,1,..} and values {oj |j =1,...,J} C I such that

A= {ael|ker(L,) #{0}} = {a;]j=1,...,J}. (8.3)

(2) Solution family. Let I. 3 a + yo be a C' family of right-hand sides such that
Yo, € La,(X) for each j=1,...,J. Then the solution family can be continued

IL\NA>am u, = (La)il(yOJ

to a C° family on I.. There is a constant C, independent of the family (ya)a, such
that

sup Juallx < O sup [[lyalx + 1ugallx] (84)
aec ac

Proof. Step 1: An equivalent form of the system. We start the proof by examining a
point o € I with ker(L,,) # {0}. We assume ay = 0 without loss of generality. The
critical (non-invertible) operator is L := Ly. We use the X = A x R decomposition
with the P and () projections. We emphasize that these subspaces and projections
are chosen for L and are independent of a in what follows. For a close to oy we
write the operator L, as

_ |PLaly PLu|r|
L, = [QLOJN QLQIR] c: NXR—->NXR. (8.5)

We then write the equation Lyu, = yo with u, = (ufxv, uf) €N xR as

- () e
QLa|N QLa|’R uf an ‘ .
For o« # a9 = 0, the equation L,u, = y, is therefore equivalent to the following
system of equations (we divide the first line by «):

~ lPLOé|N lPLMR uév lea
Lata = {QLQW QLalr | Ll ) =\ Qua ) (8.7)
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Relation (8.7) defines linear operators L, : X — X for a # 0.
We would like to extend this family of operators to the point o = 0. With L' :=
(OaLa)|a=o and M = PL'|y as in (8.2), we use for any u = (uV,uf') e N x R = X:

. [M PUR] [ uN
o = [ PERT () o
We claim that the new (—e,e) 3 a — L, € £(X,X) family of operators is
continuous. This is by definition the case for all points o € (—¢,¢) \ {0}. Regarding

a = 0, we note that the operators from (8.7) can be written as a difference quotient:
Because L[y = 0, we have

1 1
—PLy|y=—P(Lo — L)|n
(07 «

Since we continued with PL'|yy = M for o = 0, the resulting family in « is continu-
ous. The same argument can be made for the second entry of the matrix: Because
of PL|x =0, we can write

1 1
—PLy|lr = —P(Lo — L)|r
« «

The limit operator is given by the derivative in (8.8). Finally, for the third entry,
we note that QL|y = 0 by the definition of N. We conclude that the L, family is
continuous in o.

We find that the Ly operator is invertible: The M : N' — N operator is invertible
due to the definition of a regular family. The QL|z : R — R operator is invertible
due to the definition of R and Q. As a triangular matrix, Lo is thus invertible.

The continuity of the L, family together with the invertibility of Ly yields the
invertibility of L, € L(X,X) for a € (—¢,¢), possibly after reducing the size of
e > 0.

Step 2: Statement (1). Since I = [—m, 7] C R is compact, it is sufficient to show
the following claim: For each a € I there is a € > 0, so that AN (o —e,a + ¢)
contains at most one point.

For a ¢ A, the claim holds because small perturbations of invertible operators are
in turn invertible.

We now look at oy € A and examine « in a neighborhood of «p. For the sake of
simplification of notation and without loss of generality, we assume oy = 0 again.
In Step 1, we showed that the equation L,u, = y, has the equivalent form (8.7)
and that L, is invertible for any o € (—¢,¢). It follows that L, is invertible for any

€ (—¢,e)\ {0}.

Step 3: Statement (2). We look again at the situation from Step 2, where u,, solves
the equation L,u, = y, for a € (—¢,¢) \ {0}. For the right-hand side y,, we have
assumed the y,, € Lo, (X) property for all j. In the local situation and under our
assumption that the critical point is oy = 0, we have yy € L(X) = R. This implies
Pyy = 0, and we can write the first entry of the right-hand side of (8.7) as

1 1
_Pya = _P<ya _yO)a
« (0
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which can be continued for o = 0 continuously by Pd,ylo.

The fact that the L, family is a continuous family of invertible operators for
a € (—¢,¢), together with the fact that the right-hand sides of (8.7) can be continued
continuously on (—¢, €), shows that the u, family can be continued continuously. The
proof yields at the same time the estimate (8.4). O

Regularity of the operator family of quasiperiodic problems

We now want to examine the family of quasiperiodic problems from Definition 7.1.
For fixed o € I, we consider the right-hand side (-, @) and seek an a-quasiperiodic
solution u(-, ) of the problem

[ {a() Vuta,0) - Vila) - Ab(a) uw,0) o)} do = [ ga)barde Vo,
v v (8.9)
where ¢ is an arbitrary a-quasiperiodic function on W.
If we want to apply the above theory, we have to use a target space that is in-
dependent of the parameter. We have already done this in Lemma 7.7; we use the
same space as there, which is

X:={ueH' W)u=0on(0,1) x 0L and uly,—0 = tf4,—1} . (8.10)

On X, we use the canonical inner product, (-,-)x = (-, ") g1 (w)-
We use the following equivalence for U € HY(W):

[z + U(z)] a-quasiperiodic in #; <= [z + U(z)e "] periodic in ;. (8.11)

It allows us to convert H}(W) functions to H}, (W) functions and vice versa. The
family of quasiperiodic problems (8.9) with right-hand sides § can be written by
the substitutions u(x,a) = v(z,a)e®® and ¥(z) = o(x)e!*™ as follows: We seek
v € L*(I, X) such that, for almost every a € I,

| {o@ 9 (etza)en=) - 9] - Abw) oo ) o) | da

(8.12)
:/ g(z,a) p(x)eirr dx
W

for every ¢ € X.

Now consider a fixed o € I. The expressions in (8.12) describe (anti-) linear func-
tionals in ¢, mappings X — C. By writing this functional with Riesz’s representation
theorem as inner products, we find elements y, € X and L,vy € X with

(Lot o) = [ {al@)¥ (w(@)e™) - VTRem) — Abla) () 5o } d.

w
(8.13)

@M@X:Aﬁ@ﬂﬂwwwwﬁ (8.14)
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for each ¢ € X for g(-,) and vy = v(-,) € X. With these representations, the
original problem (8.23) is solved, if we find a solution v(-,«) € X C H! (W) of

per
LQU<’,OZ) = Ya (815>

for almost every o € I and this solution family has the property v € L?(I, X).

The operators L, are all Fredholm operators with index 0 (we have already made
this proof on bounded domains several times). The definition also immediately shows
that all L, are self-adjoint.

It is not clear whether (8.15) is solvable for every a. In fact, for spectral values
A, we know that we cannot invert the operator L, for certain o € I. To solve
equation (8.15), structural assumptions on g will be necessary. The background for
this limitation is ultimately that we are looking for solutions to the original problem
in the space H'({)) with our approach, i.e. solutions with decay properties. We
cannot expect all right-hand sides g to yield decaying solutions.

Now consider the single-parameter family L, from (8.13). This family is a C*
family due to the smooth dependence on o — L. Using the equivalence (8.11), the
kernel NV, :=ker(L,) C X is given by N, = {e7"u|u € Y} with

Y = {ue Hy(W)| = V- (aVu) — Abu=0in Q and u=0on R x 95} ,
(8.16)
in the solution property, we have identified u with its a-quasiperiodic continuation.
Since every operator L, is a Fredholm operator, the kernel A, is finite-dimensional
and thus Y is finite-dimensional. We are interested in the set of critical points

A = {a € |-mmn]| ker(L,) # {0}} . (8.17)

Without further assumptions, the set A can be finite or infinite. Theorem 8.2 yields
that A is finite as soon as we can show that L, is a regular C! family. This is exactly
what we will get under a certain assumption.

The energy flux. We are looking at a new sesquilinear form £ : H*(W)x H{(W) —
C. For u,v € H' (W), we define

E(u,v) := i/Wa(:B) {udv—vou}. (8.18)

The arguments of E will typically be a-quasiperiodic functions, not elements of
X C H,,.(W). We observe that E is Hermitian, i.e. E(u,v) = E(v,u) for all u and
v. In particular, F(u,u) € R for all u.

The form FE is related to energy fluxes through cross-sections of the form I'; :=
{t} x X C Qfor t € R. If uw and v are two solutions, V - (aVu) + Nou = 0 =
V - (aVv) + Abw, then an application of Green’s theorem in Wy, := (s,t) x X for

arbitrary s < t yields

/Ft alz) {udo — vOu) — / alz) {udyo — 00} = / alz) {udyo — v 0,u)

s aWS,t

= {u[V - (aV0) + Ab0] =9 [V - (aVu) + Abu]} = 0,

Wit
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where the outward normal derivative on W, is denoted by 0,. The calculation shows
that the flux

Fuvt = 2/ a(x) {udiv —vo1u} (8.19)
Iy

is independent of ¢ € R. In particular, E(u,v) = fol
seR.

We easily get that for different values of v € (—, 7], the spaces Y are orthogonal
with respect to the above sesquilinear form:

Fypidt = F,,s for each

Lemma 8.3 (Orthogonality for different quasimomenta). Let a, 8 € (—m, | with
a # B be two quasimomenta, and let w € Y and v € Y7 be two solutions of the
homogeneous equation. Then E(u,v) = 0.

Proof. For quasiperiodic functions u and v as in the lemma, the expression from
(8.19) satisfies the relationship F, ;11 = €®e~F,,; by definition. On the other
hand, as noted above, F,, ,; is independent of ¢. Because of |a — /3| < 27, we conclude
Fyvt =0 and thus E(u,v) = 0. O

Under an assumption on E, we obtain that L, is a regular C! family.

Assumption 8.4 (Nondegeneracy). For each o € A, let the sesquilinear form E
on Y% be nondegenerate in the following sense: For each 0 # ¢ € Y*, the mapping
E(¢,-) : Y* — C is not identical to 0.

Proposition 8.5 (Regularity of the operator family). Let L, be the C' family of
operators constructed in (8.13), and suppose that Assumption 8.4 is satisfied. Then
L, is a reqular C* family of operators in the sense of Definition 8.1.

Proof. We fix @ € A and consider the operator L := L, with kernel N := ker(L) and
derivative L' := 0,L,. We need to prove that M := PL'|yr : N' — N is invertible,
where P denotes the projection onto N. In the following calculation, the definition
of L, in (8.13) yields the first equality; we're using here that e’ e~ = 1 is
independent of a. In the second equality, we use that the terms from the first and
second expressions cancel each other out if the derivatives are applied to u(z) e'**!
and () "1 respectively, but not to z;.

(L'u, ) x

—i [ a(w) {Flule) o) VE@ ) - Vlule) ) - Vel o e | da
w

—i /W ae) {ul) 6 0, (p@)e) — Oy (u(x) ) () o1 } d
= B(ue™™, pe ™),

From this calculation, we can conclude that PL'|y is invertible. Let u € N with
PL'u = 0. Since L = L, is self-adjoint (in X), N' and R are orthogonal. In this
situation, PL'u = 0 implies that ¢ — (L'u, p)x is the zero form on N. The above
calculation together with the fact that E is nondegenerate implies that this is only
possible for u e®! = 0 and thus for u = 0. We get that the kernel of PL’|y is trivial.
Therefore, M is invertible from (8.2). O
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Corollary 8.6 (The spaces Y; and basis functions). We consider a Helmholtz equa-
tion for which Assumption 8./ is satisfied. In this situation, the L, family constructed
in (8.13) is a reqular C family of operators. There is a finite (possibly empty) set
of values A = {a;|j = 1,...,J} such that

Y, = {uEHéj(WﬂV-(aVU)—i—)\bu:OmQ and u =10 onRxaE} (8.20)

is not trivial. Each space Y; has a finite dimension m; € N, and the spaces Y are
orthogonal with respect to E. We use the direct sum

J
Y =Y, c H'W). (8.21)

We choose an inner product (-,-)y, for each space Y; and solve the Hermitian
eigenvalue problem

according to A € R and ¢ € Y;. This yields an orthogonal basis of Y, consisting of
etgenfunctions ¢pj, L =1,...,m;. The value X = 0 is not an eigenvalue.

Proof. Proposition 8.5 yields that L, is a regular family. The functional-analytic
Theorem 8.2 yields that the set of critical a values is finite. Due to Lemma 8.3, the
spaces Y; are orthogonal with respect to E. Assumption 8.4 guarantees that A = 0
is not an eigenvalue. The remaining statements repeat the definitions and follow
from the Fredholm property of the operator family. The functions ¢ from (8.22) are
orthogonal to each other in Y; according to their design. O]

8.2. Existence results

We look again at
—V-(aVu) = Nu=g inQ=RxX, (8.23)

with the weak form

/Q{aVu-V@—)\bu@}:/Qg@ (8.24)

for all ¢ € H} (). We always use Dirichlet boundary conditions: u(-) = 0 on R x 9%
for (8.23) and later (-, ) = 0 on (0, 1) x 9% for almost every o € 1.
For the source terms, we introduce a weighted L? space. We define

LXQ):={f:Q=>Cla— 1+ =) f(z) € L* ()} . (8.25)
Bounded solutions for orthogonal sources

We turn to our first existence result for the Helmholtz equation. We characterize the
right-hand sides g, for which the equation (8.23) has a solution in H*(€2).
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Theorem 8.7 (Existence of H!(Q) solutions with Floquet-Bloch theory). For given
Y, a, b and X\, we consider the Helmholtz equation (8.23) for a right-hand side g €
L3(Q). Assumption 8.4 is satisfied.

Existence: The Floquet—Bloch transform (-, «) has the cellwise orthogonality prop-
erty

(9(,05),P) 2wy =0 forall je{l,...,J} and p €Y. (8.26)
Then (8.23) has a solution u € H'(Q) with ||ull;n < Cllg]
C=0C(%,a,b,N).
Uniqueness: If u € H'(Q) is a solution of (8.23), then the orthogonality condition
(8.26) holds. The solution u is uniquely determined.

r2() Jfor a constant

Proof. FExistence. Using the Floquet—Bloch transform, we have shown that the equa-
tion (8.23) is equivalent to the family of equations L,v(-,a) = vy, from (8.15),
a € [ = [—m,7]. In particular, it is sufficient to find a family of solutions v(-, ) of
(8.15) and prove that v € L*(I, H),,(W)). By the definition of the critical values
A ={ajlj =1,...,J}, there is a unique solution for each a € I\ A: v(-,a). We
claim that this family of solutions can be continued throughout I.

We consider one of the critical values, o = a; € A, and a small interval I =
[aj—¢, aj+€], which contains no other critical value. We want to apply the functional-
analytic result from Theorem 8.2. We use the space X from (8.10), the operator
family L, from (8.13) and the family of right-hand sides y, from (8.14).

We need to check the assumptions of Theorem 8.2. The operators L, depend
smoothly on a and are invertible for all @ € T\ A. We turn to the Yo € R =
Lq,(X) condition. For any element ¢ € N := ker(L,,) C X, we note that ¢(z) :=
o(z)e" ™™ € Y}; by the definition of y,

(o &)x = /W 3z, a5) e~ pa) de = /W §(.a)d =0  (327)

because of the orthogonality assumption (8.26). This shows that y,, is orthogonal
to N. Since L,, is self-adjoint, the N and R subspaces are orthogonal. Since Ly, is
also Fredholm with index 0, the space X is the orthogonal direct sum N & R. Since
we have shown that y,, is orthogonal to A, we have found y,, € R.

Proposition 8.5 yields that L, is a regular operator family as defined in Defini-
tion 8.1; therefore, Theorem 8.2 can be applied. We get that [ > a — v(-,a) is
continuous, so v € L*(I, H),.(W)) in particular. This yields an Hg(€2) solution of
(8.23).

We turn to the estimate for the solution. The definition of y, (compare first equa-
tion in (8.27)) implies that [a — y,] € CY(I, X) when [a — §(-,a)] € CY(I, L2(W)).
We will now prove the latter.

Using the functions g, : W — C, ge(z1,%) := g(x1 + ¢,%), we can estimate the
norm of g by

Ta = D /W 9e(@)PIL+ a1 + €7 da > co Y (1+ )| gell 72 amy

LeZ LETL

llg]

for a universal constant ¢y > 0. This allows us to estimate the norm of a finite sum
for arbitrary 0 < m < M, which is related to the definition of the Floquet—Bloch
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transform of (6.2):

> lglw+le)e ™ < > | lgellzow)

m<|4|<M L2(W) m<[¢|<M

1
< (1 + ¢*

m<|f<M
1
<0 > 1 ] 2 O+l < Callglo
m<[f|<M m<|e|<M

with C,, > 0 independent of g and with arbitrarily small C;,, > 0 if m is large. The
function g(-, ) is defined by the Floquet—Bloch transform from (6.2). The term on
the left-hand side of the above calculation is, as an infinite sum, even 9,4(-, &) except
for one factor. The above calculation shows that the sequence of partial sums is a
Cauchy sequence, so the series is well defined. As a result of the calculation, there
exists C' > 0 such that

19C; )l 2wy + 1009 (-5 )l 22wy < C gl L2

for all @. Theorem 8.2 yields the estimate (8.4) for solutions, i.e. a bound for
o € C°I,H'(W)), and in particular for 4 € L*(I, H'(W)). This results in the
estimate for u € H*(Q), namely [Ju|l gz < Cllg]

LI ()

Uniqueness. To show the unique solvability of (8.23), it is sufficient to prove the
unique solvability of (8.9) for almost every a. For each a ¢ A, the equation (8.9)
can be solved uniquely due to the definition of the critical « values. This already
shows the uniqueness of the solution.

Let us also see that the existence of a solution implies the orthogonality relation.
If u € H'(2) is a solution of (8.23), we want to show (8.26). For ¢ € Y;, we calculate
with the solution property of 4(-, «;),

(-, 05), S r2aw) = /W {a(@)Vi(r,a;) - Vo) = Mo(a) i, 0;) 6() | da
= = ((,0)), (V- (aV) + W)} 2wy = 0,

where we have used the fact that integration by parts produces no boundary term
for two functions in H}(W). This proves the theorem. O

Lemma 8.8 (Orthogonality criterion). The orthogonality condition (8.26) is formu-
lated using the Floquet—Bloch transforms of g. With the original function g and the
space Y from (8.21), an equivalent condition is

/Qg(x)de =0 forallpeY, (8.28)

Proof. We fix j € {1,...,J}, set o := «;, and select a function ¢ from Y;. We
identify ¢ with its a-quasiperiodic extension, which satisfies ¢(z + le;) = ¢(x)ee,
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where e; is the unit vector in the z; direction. We calculate for § = Frp(g)

V21(G(-,0),0) o gy = <Z gl Ler) e, ¢>L2(W)

Lez
=S (ot teot b)) = [ g,
¢ez L*(W) L
We notice that the series are each well-defined because of g € L2(Q). O

Solution for predetermined radiation conditions

In the previous subsection, we obtained a solution u of (8.23) if g satisfies the orthog-
onality condition (8.28). This is not the type of solution that is typically observed.
In the physical problem, we have to consider the equation

—V-aVu—-Xu=f imQ=RxX, (8.29)

with a general right-hand side f and want to get solutions that are approximate
linear combinations of outgoing waves far from the origin. Such solutions do not
belong to the space H(2). We consider sources f € L?(Q), see (8.25).

To define the radiation condition, we use two cut-off functions.

Definition 8.9 (Cut-off functions pi). We say that pi,p_ € C*(R,[0,1]) are ad-
massible cut-off functions if there is a number R > 0 such that

pr(r1)=1, p_(x1)=0 Ve, > R,
pr(x) =0, p_(z1)=1 Vi, < —R.

Remark on cut-off functions. Formally, the radiation condition formulated below
depends on the choice of p.. However, we will show later that the solution u to the
radiation problem does not depend on the choice of p..

The requirement py € C?(R,R) can be replaced by p. € C*(R,R), i.e. by
Lipschitz continuity of the cut-off functions.

From now on, we use the spaces Y, and the basis functions ¢,; as chosen in
Corollary 8.6. We change the notation slightly at this point: We now combine all
the basis functions ¢, ; into a new family with only one index and write (¢¢),, where
1 <0< L= Z;.le m;. Recall that there is orthogonality with respect to the
Hermitian sesquilinear form E, i.e. E(¢g, @) = dp00 E (e, ¢¢) for all £, 0.

Definition 8.10 (Propagating part and radiation condition). We fix admissible cut-
off functions p+ as in Definition 8.9. For each ¢ < L, the mode ¢y is called right-going
if E(¢e, ¢¢) > 0; it is called left-going when E(¢g, ¢¢) < 0. For each € for which ¢ is
right-going, we set py := py and for each € for which ¢, is left-going, we set py = p_.

(i) Propagating part. For complex coefficients (co)1<i<r, we say that

L

wo= Y ciprdy (8.30)

(=1
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is the propagating wave function belonging to ¢ € CL.
(ii) Radiation condition. We say that a solution w € H} (Q) of (8.29) satisfies the
radiation condition if there exists a ¢ € Cl such that, with the associated propagating

wave function w,
vi=u—we H(Q). (8.31)

Definition 8.10 allows us to show an existence result with our previously developed
methods: We solve the radiation problem (8.29) by constructing v = u—w € H}(Q)
using Theorem 8.7. We can write the equation for v as

—V-aVu—XMv=g:=f+ (V- -aVw+ \w). (8.32)

The expression V -aVw + Abw has compact support, and we will apply Theorem 8.7
with the right-hand side g. The function g depends on the coefficient vector ¢ € C*.
We will choose ¢ € CF in such a way that g satisfies the orthogonality and (8.32) has
a solution v € H} ().

The formulation of the radiation condition in Definition 8.10 yields the following
implications. Existence: If we find a ¢ € C* such that (8.32) has a solution v €
HY(Q), then u = w+v € H} () is a solution of (8.29) with the radiation condition.
Uniqueness: If u € HL.(Q) is a nontrivial solution of (8.29) with the radiation
condition, then ¢ € C* and a solution v € Hg () of (8.32) exist, so either ¢ or v are

nontrivial.

Theorem 8.11 (Existence of radiating solutions). Let 3, a, b, A\ and f be as above;
for simplicity, we assume a € CY(Q) here. Let two cut-off functions pi be fized
as in Definition 8.9. For an assignment o : {1,...,L} — {£1}, we set p; = o).
We require Assumption 8.4. Then (8.29) has a unique solution u € H} (Q), which
satisfies the radiation condition. For w, v and c from the radiation condition, the

estimate

ol + lwlmwy < Cllfllze (8.33)
for a constant C = C(X,a,b,\, p+). The coefficients ¢, for ¢ € {1,..., L} are given
by .

i

Proof. Existence. We want to define ¢ € CI in the definition of w such that g
satisfies the orthogonality condition (8.28) from (8.32). We use a basis function
¢p € Y;, which we think of as a a;-quasiperiodic function on Q. We want (8.28) to
be satisfied by ¢ and therefore demand the first equality. The second equation is the
definition of w from (8.30).
—(f, )2 = (V- aV + Ab)w, dp) 12
L

Z e {((V - aV + Xb)(pe de); der) 120 - (8:35)

(=1

We calculate with product rules

(V-aV + Ab)(pe de) = pe(V - aV + Ab)de + Ve -aNVge +V - (¢praVpy)  (8.36)
= ppadigy + di(deapy). (8.37)
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The result of the calculation is to be understood in the sense of distribution, but you
can also use test functions from the space H}. ().
The result allows us to evaluate the inner product on the right-hand side of (8.35):

<(V ~aV + Ab)(pé ¢€)7 ¢€/>L2(Q) = <P2 G(?ﬂbg + 81(¢f aplﬁ)v ¢£/>L2(Q)

:/(54, Plgaﬁlﬁbz—aﬂ%e’aﬂlz@ = Z/Pé(t) Fm,w,tdt
Q R

with the flux Fy, 4, ¢ from (8.19). The flux is independent of ¢ and is consistent with
E (e, o) = E(¢e, pe) 0. Looking at (8.35), we multiply the result by ¢, and sum
over ¢ and get

ZCgi/p2<t) F¢e,¢gl,tdt = Cyp E((ﬁzl,gby)O’(g,).
R

L
(=1

Because of (8.35), the orthogonality condition (8.35) is equivalent to

—([, 002 = cei E(¢p, 00) (L) .

This is the condition we specified in (8.34).

The above calculation shows: If (¢¢), is chosen according to (8.34), the orthogonal-
ity condition (8.26) is satisfied for g. Therefore, we can determine v using Theorem
8.7. The existence statement is thus shown. With a C' dependent on p4, the estimate
[v][r@) < Cllgllrz@) < CUIfllrz@) + 1(V-aV +A0)wl[r2@) < C([|flr2(0)+elcr) <
C||fllz2(q)- This implies the estimate (8.33) for solutions.

Uniqueness. Let u be a solution of the radiation problem with f = 0. We want
to show that w vanishes. The equation for v € H'(2) has the right-hand side
g = (V-aV + Ab)w. Theorem 8.7 implies that g satisfies the orthogonality condition
(8.28). The above calculation shows that the orthogonality condition for g determines
the coefficients ¢ € C* by a formula; for f = 0, the coefficients are ¢ = 0. Thus w = 0.
From the uniqueness statement of Theorem 8.7, it follows that v = 0 and thus u = 0.
This proves uniqueness. O

Remark on well-definedness. We have constructed solutions v = v + w for given
cut-off functions p.. To investigate the well-definedness of the radiation condition,
we consider the consequences of choosing other admissible cut-off functions, which
we denote by p4.

We refer to the corresponding solutions as u = v + w and 4 = v + w. Then we
write

u—1uU = v—170 + Zég(pg—ﬁg)(bg + Z(Cg—ég)pg@;.
¢ ¢

We observe that v — 0 + Y, ¢ (pe — pe) ¢¢ is in H*(Q). Therefore, u — @ satisfies
not only the homogeneous Helmholtz equation, but also a radiation condition with
coefficients (¢, — ¢),. The uniqueness result from the Theorem 8.11 implies u = 4
and ¢, = ¢, for all /. In this sense, the choice of cut-off functions has no influence on
the solution.
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Remark on the regularity of a. The assumption a € C*(f2) is not necessary to
obtain the statement of the theorem; a € L>(Q) is enough. To carry out the proof
under this weaker assumption, one must note that the product rule (8.37) also holds
in the distributional sense for a € L>().

A later part in the proof is a bit more complex: The new right-hand side is
g=f+(V-aV + Ab)w and thus belongs only to L?(Q) + H~!(Q), with the second
part having compact support. For such right-hand sides, Theorem 8.7 can also be
proved; an application of the correspondingly generalized Theorem 8.7 then yields
the above existence Theorem 8.11 for a € L*(f2).

Exercises

Exercise 8.1 (Families of operator equations). Theorem 8.2 yields for an operator
family L, and for right-hand sides y, a solution family u,. In addition, an estimate
for solutions is shown; see (8.4). Give an example showing that, in general (in the
situation of Theorem 8.2), no estimate of the form

sup [|uallx < Csup [|yallx (8.38)
acl a€cl

can hold.

Exercise 8.2 (One-dimensional equation with constant coefficients). We consider
the Helmholtz equation on Q = R with A € (0,00) fora =1 andb = 1. Determine the
set A of the critical values of o and the associated spaces Y*. Check the orthogonality
with respect to the sesquilinear form E, the nondegeneracy of E, and the signs of the
enerqy fluzes.

Exercise 8.3 (Two-dimensional kernel). We consider the two-dimensional case d =
2, the cross-section ¥ = (0,7), and the coefficient b = 1. We choose a special
a € I = [—m, 7| here to find an eigenspace with dimension greater than 1. Two
a-quasiperiodic solutions are

P1(x) == € sin(2xs)  and  Py(x) = @I gin g, .

The two functions satisfy —A¢y = (a® +4)¢1 and —A¢y = ((a —27m)? + 1)¢pa. Show
that you can choose a in such a way that the two factors match. If you choose A
accordingly, you obtain an at least two-dimensional space Y;.

Exercise 8.4 (Orthogonality and fluxes). We continue Ezxercise 8.3: For ¢ and
¢a, prove orthogonality in L*(W) and with respect to E. Calculate the fluzes; which
wave s right-going and which is left-going?
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