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Overview

Part 1: Three wave equations, long-time-dispersion

Wave equation with constant coefficient

Wave equation in periodic media

Wave equation on a lattice

Part 2: Formulas for profiles



Wave equation with constant coefficient

Wave equation

∂2t u(x, t) = c2∆u(x, t)

Coefficient a = c2 independent of x

Planar-wave ansatz: u(x, t) = eik·xe−iωt

u is a solution if and only if ω2 = c2|k|2

Result: The dispersion relation is ω(k) = ±c|k|
A solution:

u(x, t) =

∫
Rd

u0(k)eik·xe−ic|k|t dk

Satisfy initial conditions by using + and −
One dimensional equation: An exact solution is given by shifts,

u(x, t) = 1
2u0(x− ct) + 1

2u0(x+ ct)

Compare Fourier representation: Solutions depend on x+ ct and x− ct



Wave equation in periodic media

Let a : Rd → (δ,∞) be 1-periodic
Set aε(x) := a(x/ε)

Homogenization problem

∂2t u
ε = ∇ · (aε(x)∇uε(x))

Classical homogenization: uε ≈ u, where u solves the

Homogenized equation
∂2t u(x, t) = ∇ · a∗∇u(x, t)

Observation in dimension 1 with periodicity ε = 1/6, the solution of
homogenized equation is a shift, u(x, t) = u0(x− t)

Time t = 10 Time t = 50 Time t = 120

−→ We observe dispersion for large times!



Result on weak dispersion

Theorem (T.Dohnal, A.Lamacz, B.S., 2014 and 2015)

There exist A,E ∈ Rd×d and F ∈ Rd×d×d×d such that:
Solutions of the well posed weakly dispersive effective equation

∂2tw
ε = AD2wε + ε2ED2∂2tw

ε − ε2FD4wε

satisfy the approximation estimate

sup
t∈[0,Tε−2]

‖uε(·, t)− wε(·, t)‖L2(Rd)+L∞(Rd) ≤ C0ε

uε: solution for coefficient aε wε: solution of weakly dispersive equation



Bloch-wave analysis

The proof is based on an explicit formula for solutions:

Proposition (Bloch-wave approximation of uε)

vε(x, t) :=
1

2
√
2π

n

∑
±

∫
K

F0(k)e
ik·x exp

(
±it
√∑

Almklkm

)
× exp

(
± iε2

2
t
∑

Clmnqklkmknkq√∑
Almklkm

)
dk

sup
t∈[0,Tε−2]

‖uε(·, t)− vε(·, t)‖(L2+L∞)(Rn) ≤ C0ε

Taylor expansion of the smallest Bloch eigenvalue µ0(k)

Replacement trick to re-write the equation

Estimate for uε − vε from approximations in the explicit formula

Estimate for vε − wε by energy methods

A.Benoit and A.Gloria. Long-time homogenization and asymptotic ballistic transport of classical waves, 2017



Waves in a lattice

Periodicity of the lattice: ε > 0
Dimension d ≥ 1, lattice points
γ ∈ εZd
Displacement at time t ∈ [0,∞)
is uε(γ, t).

Evolution of displacements

Wave equation in lattice:

∂2t u
ε(γ, t) =

1

ε2

∑
j∈Zd

aju
ε(γ + εj, t)

Initial conditions: uε(γ, 0) = u0(γ) and ∂tuε(γ, 0) = u1(γ).

Example: Dimension d = 1, a1 = a−1 = 1, a0 = −2, and aj = 0 else.



Explicit solutions for lattice waves in Fourier space

The equation for the Fourier transform

ûε(k, t) = εd
∑

γ∈(εZ)d
e−ik·γuε(γ, t)

is easily calculated: For every k ∈ Rd holds

ε2∂2t û
ε(k, t) = −ω(εk)2 ûε(k, t) with ω(k)2 := −

∑
j∈Zd

aje
ik·j

The dispersion relation in the example is ω(εk)
ε =

√
k2 − 1

12ε
2k4 ± ...

Explicit solution in Fourier space

ûε(k, t) ∼ e±i[ω(εk)/ε]t

Also for lattices there is a weakly dispersive limit equation for wε

Theorem (B.S. & F.Theil, 2018)

sup
t≤T/ε2

‖∂tŵε(., t)− ∂tûε(., t)‖L2(Rd) ≤ Cε



Part 2: Profile equations

∂2t u
ε = ∇ · (aε(x)∇uε(x))

Wave in heterogeneous media

∂2tw
ε = AD2wε + ε2ED2∂2tw

ε

Weakly dispersive wave equation

Fourier representation

ûε(k, t) ∼ e±i[ω(εk)/ε]t

Profile equation

∂τV (z, τ ; q) = b(q) ∂3zV



Profile in 1D: Linearized KdV equation

Task: Study the long time behavior of

∂2t u
ε = c2∂2xu

ε + ε2B ∂4xu
ε

We want an equation for this −→
Solution at time t = 120

Ansatz uε(x, t) = V (x− ct, ε2t). Inserting yields

c2∂2zV−2c ε2∂z∂τV +O(ε4) = c2∂2zV + ε2B ∂z∂
3
zV

Profile evolution equation: Linearized KdV equation; direction q = ±1:

∂τV
ε(z, τ ; q) = b(q) ∂3zV

ε(z, τ ; q)

Initial condition:

V̂ ε0 (ξ;±1) :=

{
ûε0(±ξ) for ξ > 0

0 else

Reconstruction:

vε(x, t) :=

{
V ε
(
|x| − ct, ε2t; +1

)
for x > 0

V ε
(
|x| − ct, ε2t;−1

)
for x < 0



2-dimensional solution

Theorem (Lattice solution and profile solution)∥∥ûε(., τ/ε2)− v̂ε(., τ/ε2)
∥∥
L2(R) → 0 as ε→ 0

The profile is given by a linearized KdV equation

∂τV
ε(z, τ ; q) = b(q) ∂3zV

ε(z, τ ; q)

Initial condition

V̂ ε0 (ξ; q) =


√

ξ
2πi û

ε
0(ξq) for ξ > 0

0 else

Reconstruction

vε(x, t) =
1

|x|1/2
V ε
(
|x| − ct, ε2t; x

|x|

)



General functions in Fourier space

Wave equation
ûε(k, t) = û0(k)e−ic|k|t

Lattice
ûε(k, t) = û0(k)e−ic|k|tei

b
2 |k|

3ε2t

Periodic media

ûε(k, t) = û0(k)e−i|k|Ateib(k)ε
2t

Main result:

multiplication û0(k) 7→ eic|k|τ/ε
2

e−ib(|k|)τ û0(k)

is like application of Q̂ρb = Fd ◦ S ◦ F−11 ◦ Jb ◦ Rρ

Theorem (A.Lamacz & B.S., 2020)

Let u0 be initial data, d ≤ 3, b : R→ R a dispersion function
(appropriate). For τ > 0 and k ∈ Rd with |k| > ρ, as ε→ 0:

(Q̂ρb û0)(k, τ/ε2)− eic|k|τ/ε
2

e−ib(|k|)τ û0(k)→ 0



Abstract reconstruction operators

Dimension d ∈ {1, 2, 3}, direction q ∈ Sd−1 ⊂ Rd

Restriction operator R: For u0 = u0(x)

V̂0(ξ; q) := (Rû0)(ξ; q) :=

(
|ξ|
2πi

)(d−1)/2

1{ξ>0} û0(ξq)

Profile variables: ξ dual to z

Multiplication operator Jb: For b : R→ R set

V̂ (ξ, τ ; q) := (JbV̂0)(ξ, τ ; q) := e−ib(ξ)τ V̂0(ξ; q)

Shell operator S: For a profile V = V (z, τ ; q)

(SV )(x, t) :=
1

(ct)(d−1)/2
1{|x|<2ct} V

(
|x| − ct, ε2t; x

|x|

)
The reconstruction operator Qb:

Qb = S ◦ F−11 ◦ Jb ◦ R

Cut of u0 and of û0

V0(.; q) and V (., τ ; q)

S(V )(., t)



Stationary phase

Key in the proof: Write the reconstruction

v(x, t) :=
1

(ct)(d−1)/2
1{|x|<2ct} V

(
|x| − ct, ε2t; x

|x|

)
in Fourier space

Lemma (Stationary phase)

d ∈ {1, 2, 3} and κ ∈ Sd−1 a point. Test-function φ ∈ C1(Sd−1;R)
supported in half sphere {q ∈ Sd−1 | q · κ ≥ 0}. Then, as N →∞:

(2πi)−(d−1)/2
∫
Sd−1

N (d−1)/2 ei(1−q·κ)N φ(q) dS(q) −→ φ(κ)



Results

Dispersion: Can appear in ε-heterogeneous wave equations at time
scale t ∼ ε−2

A one-dimensional limit equation can be ∂2tw
ε = ∂2xw

ε + ε2∂2x∂
2
tw

ε

Profile equation: Linearized KdV equation ∂τV = b ∂3zV

Abstract reconstruction: Quite general evolutions in Fourier space
can be approximated with profiles

Thank you!
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