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o Part 1: Three wave equations, long-time-dispersion

o Wave equation with constant coefficient
o Wave equation in periodic media
o Wave equation on a lattice

o Part 2: Formulas for profiles




Wave equation with constant coefficient

Wave equation J

OPu(z,t) = 2 Au(x,t)

Coefficient a = ¢? independent of

Planar-wave ansatz: u(z,t) = e'*%e~!

u is a solution if and only if  w? = c2|k|?
Result: The dispersion relation is w(k) = *clk|

A solution:
u(x,t) :/ uo(k)eFze ikt g
Rd

Satisfy initial conditions by using 4+ and —
One dimensional equation: An exact solution is given by shifts,

u(w,t) = ug(x — ct) + Lug(x + ct)

Compare Fourier representation: Solutions depend on x + ¢t and =z — ¢t



Wave equation in periodic media

Let a : R? — (§,00) be 1-periodic
0000000000000 000 Setas(x) ::a(x/e)
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O2uf =V - (a-(x)Vu (x))

Classical homogenization: u® = u, where u solves the

Homogenized equation

OPu(z,t) = V - a.Vu(z, t) J

Observation in dimension 1 with periodicity € = 1/6, the solution of
homogenized equation is a shift, u(x,t) = ug(x —t)
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— We observe dispersion for large times!



Result on weak dispersion

Theorem (T.Dohnal, A.Lamacz, B.S., 2014 and 2015)
There exist A, E € R¥*? and F € R¥*4*dxd gch that:
Solutions of the well posed weakly dispersive effective equation

02w = AD*w® + 2ED*9}w® — e? FD*w*®

satisfy the approximation estimate

sup ||UE(-, t) - ws(',t)||L2(Rd)+Loo(Rd) < 006
te[0,Te—2]
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% solution for coefficient ac w®: solution of weakly dispersive equation



Bloch-wave analysis

The proof is based on an explicit formula for solutions:

Proposition (Bloch-wave approximation of u*)

v (z,t) := ﬁ ;/K Fo(k)eik'w exp <:|:it1/z Almklkm)

N eXp (j:li tzclmnqklkmknkq> dk

V2 Aimkikm
sup  [lu” (-, ) = v (-, D)l (L2gLoeymny < Coe
te[0,Te—2]

o Taylor expansion of the smallest Bloch eigenvalue po(k)

@ Replacement trick to re-write the equation

o Estimate for u® — v from approximations in the explicit formula
o Estimate for v — w® by energy methods

A.Benoit and A.Gloria. Long-time homogenization and asymptotic ballistic transport of classical waves, 2017



Waves in a lattice
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Evolution of displacements

Wave equation in lattice:

82 6’}/,

Initial conditions: u®(v,0) = ug(y) and Otu®(vy,0) = u1 (7).
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Periodicity of the lattice: € > 0
Dimension d > 1, lattice points
v € ez

Displacement at time ¢ € [0, 00)
is u®(7y,t).

(v +¢j,t)

Example: Dimensiond =1, a1 =a_1 =1, ap = —2, and a; = 0 else.



Explicit solutions for lattice waves in Fourier space

The equation for the Fourier transform

> e

~yE(eZ)d
is easily calculated: For every k € R holds

20205 (k,t) = —w(ek)?ac(k,t) with w(k z a;ed
jEZ

The dispersion relation in the example is @ = \/k2 —Le2kt £
Explicit solution in Fourier space

e (k, t) ~ eﬂ:i[w(sk)/s]t

Also for lattices there is a weakly dispersive limit equation for w*®

Theorem (B.S. & F.Theil, 2018)

sup [[90° (., #) — i (., 1)]| o sy < C
t<T/e?




Part 2: Profile equations

Wave in heterogeneous media

OpuF =V - (ac(2) Vo () \

Weakly dispersive wave equation
02w = AD?*w® + 2 ED?0%w®

-~

Fourier representation
ﬁa(k,t) ~ e:l:i[w(ak)/a]t

Profile equation
9,V (z,71q) = blq) 2V




Profile in 1D: Linearized KdV equation

Task: Study the long time behavior of I
Ot = ?02uf + B oju® \

We want an equation for this —

) ) Solution at time t = 120
Ansatz u®(x,t) = V(z — ct,e2t). Inserting yields

02V —2c£%0,0,V + O(e*) = *02V + 2B 0,83V
Profile evolution equation: Linearized KdV equation; direction ¢ = £1:
0-V(2,75q) = b(q) B2V (2,73 q)

Initial condition:
5 (£€) for £ >0
0 else

Voe(& +1) == {

Reconstruction: )
o (1) = Ve (|| — ct,szt; +1) for z >0
Ve (Jo] — ct, e?t;—1) forz <0



2-dimensional solution

Theorem (Lattice solution and profile solution) }

[a°(.,7/e*) = 0°(, /%) oy =0 asE—=0

The profile is given by a linearized KdV equation
0 VE(z,73q) = b(q) 2VE(2,754)
Initial condition Reconstruction

. \/ 5= G5(Eq) for €0 1
V06(£1q) = 2mi 70 ’Us(l',t) = |:C|—1/2V6 <|l’| - Ct782t; i)

0 else ||



General functions in Fourier space

@ Wave equation ‘
0 (K, t) = tig(k)e "Ikl

@ Lattice
ac (k,t) = ,&O(k)e—ic\kheigwsszt

@ Periodic media
aE (k, t) _ ao(k)e—i\MAteib(k)EQt
Main result:
multiplication fio (k) — etelklm/e* e=b(IRDT 5o (1)
is like application of ~ QF = FyoSoF o J,0R,

Theorem (A.Lamacz & B.S., 2020)

Let uqg be initial data, d < 3, b: R — R a dispersion function
(appropriate). For 7 >0 and k € R? with |k| > p, ase — 0:

(OF i) (k, 7/e2) — eielklr/e® e=ibkDT g (k) — 0




Abstract reconstruction operators

Dimension d € {1,2, 3}, direction ¢ € S%~! c R4

Restriction operator R: For ug = ug(z)

R |£| (d-1)/2

60 = Ra)En) = () Lo i)
Cut of d of 4
Profile variables: ¢ dual to z vh ot o and et
Multiplication operator J,: For b: R — R set

V(& T9) = (V)& T0) = e POV (&5 9)
Shell operator S: For a profile V =V (z,1;q)

T

1
(SV)(a,t) = (Ct)(d—_l)/zl{lacKQct} Vv <|a:| —ct, et —

Vol:5) and V(. 73q)
Iw|>

The reconstruction operator Qy:

_ —1
Q=Sof odyoR SOV)(1)



Stationary phase

Key in the proof: Write the reconstruction

1

. 2, T
v(a:,t) = (Ct)((i——l)/21{|I|<2Ct} Vv <|.TJ| - Ct,8 t, m)

in Fourier space

Lemma (Stationary phase)

d € {1,2,3} and k € S9! a point. Test-function ¢ € C*(S4~1;R)
supported in half sphere {q € S%~1|q-k > 0}. Then, as N — oc:

(2mi) =D/ /S | NI N 6(q) dS () — 6(x)




Dispersion: Can appear in e-heterogeneous wave equations at time
scale t ~ g2

A one-dimensional limit equation can be 92w® = 92w® + £2020?w*°
Profile equation: Linearized KdV equation 9,V = 92V

Abstract reconstruction: Quite general evolutions in Fourier space
can be approximated with profiles

Thank you!
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